
� � �������
	 �

� 
 � � � � � � � � � � � � � �

����� � ����� � �!�#"%$'&

(*),+.-0/213/5476!829;:=<?>7@BA.6!C )D>7@B10/E:!856F>G1H@06!-I1J<?>G-K-I1=>G10/E:F6!8E6L:L10@0/E:NM?6L8ECOA.+./EPQA�+.RS1T@0>7CD/U>G8E859�/EPO>7858
CQ/E@06L:L10/E+.PD-LVXWYP[ZH+713/5+.P]\^/510<[476!8E+_:!/21Y9#`bacZT>7A7PD6L10/E:dM?6L8EC[/E-eA.6!PQ6!@3>f136!CgVh(i-j10<D6k)D>7@B10/E:!856h4.6L8E+_:!/21Y9
>G)D)D@0+.>7:=<D6!-mlcaQ13<Q6]4.6!85+S:L/51Y9K+7no8E/5A.<p1%aq13<D6#6L8E6!:r13@B/E:#>7PQCNZT>7A7PD6L10/E:iM?6L8ECD-s>7@06#)?>GPD:%>7tG6ruv8E/EtG67aQ10<D6
6L8E6L:L13@B/E:�M?6L8ECw/5-x@3>7CD/E>78y>7PDCzZK>7A.PD6r13/E:�M?6L8EC�>7{!/5Z�RQ10<?>78m|}10<D6K~e/r�6!P?>G@0CSu���/E6!:=<Q6!@B1[M?6L8ECD-3�#\^/213<
>GP�+.),6!P�>7PDA78E6[+7n�>7�,+.RQ1��c�f�oa�\^<D6L@06��'��� �^��`q���7l���ViWv1i/E-�/EPp136L@06!-I13/5PDAK10+J)�+7/EPp1i+7RQ1i10<?>G1
PQ+�ZT>f10136L@�<Q+c\�n�>7@�>%\s>%9.ad10<D/E-[)?>7PQ:%>7tG6N/E-�>785\�>%9S-�)�6L@0),6!PDCD/5:!RD8E>7@x13+�10<D6T)?>f13<�+7n^ZH+710/E+.P�V
WYP�+710<D6!@�\k+.@0CD-Lak10<D6NM?6!85CD-�ZK+�476�\^/213<;13<Q6�106!-I1K)D>7@B10/E:!856J\^/510<D+.RQ1H>7Pp9;8E>7A.A./5PDA��,6!<D/5PDC�>7-
/58E85RD-B10@3>G106!CT/5P��h/EAQV,�7V5�.V��_RD:=<F>�M?6!85CN)?>G10106!@BPN/E-!aS+7ne:!+7RD@0-B67aD13<Q6]-B106%>7CQ9puv-B1=>f136x-0+.85RQ13/5+.PT+Gno10<D6
)Q@0+.�D856!ZFV
��<D6LP�)D8U>7:L6!C /EPD-B/ECD6�>O),6!@In}6!:L10859¡:!+7PDCDRD:r13/EPQA¢�,6%>7Z )D/5)�6Ga]13<D6�)?>7PD:!>7t76�+Gn�M?6!85CD-�/5-

10@0/5ZKZH6!C��p9�10<D6��,6%>GZ )Q/E),67V£(¤@B/EPDAz+7n#PQ6!Ap>G10/5476�:=<?>7@BA.6!-H\^/E858¥��6Fn}+.@0ZH6!CO+.PO10<D6¦\�>78E85-
+Gns13<D6K��6!>7Z§)D/E),6�\^<D6!@B6T13<D6K6!856!:L10@0/5:HM?6L8EC�6!PDCD-Lay>7PDCz13<D6L-06J/5ZT>7A76H:=<D>7@0A.6L-�\^/E858d13@0>�476!8�>G1
10<D6F-3>7ZH6�)?>7:!6N\^/213<¨13<D6F)?>7@I13/E:L8E6Ga�:L@06!>G13/5PDA'13<D6F-0+Guv:%>7858E6LC¡©«ªH¬�­_®¦¯r°S±�±3®r²?³�VOWvn�13<D6�\s>G8E8¥+7n
10<D6��,6%>GZ�)D/E),6�/5-^PD+71�)�6L@Bn}6!:r13829¦:L+.PDCDRQ:L13/5PDAT+7@�:L+.Pp1=>7/5PD-�CQ/E-0:L+.Pp13/5P_RQ/513/56!-LaD13<D6�ZK+�4.6LZK6LPp1]+7n
10<D6[/EZK>7A.6x:=<?>7@BA.6!-^\^/E858j��6[-085+c\k6!C�CD+�\^P�a,10<qRD-i856%>%4_/EPDA�6!856!:r13@0+7ZT>7A7PD6L10/E:#M?6!85CD-m��6L<D/EPDCgV¥�?+.@
6�´Q>7ZK)Q8E67a?\^<D6LP�:L+.ZK/5PDAH>7:!@B+.-0-�>K:!>%4S/21Y9.a?13<Q6�/5ZT>7A76#:!RD@B@06!Pp1m\^/E858gµ?+�\�/EPp10+H10<D6[\�>7858E-^+7nh10<D6
:!>%4S/21Y9.a,6r´S:!/213/5PDAHMD6!8ECQ-�13@0>7)D),6!C¦/EPD-B/ECD6#13<Q6�:%>%4_/51Y97V¥¶¥<D6!-B6�M?6L8ECD-m8E6rn«1��,6!<Q/EPDC¦�q9�10<D6�)D>7@B10/E:!856
>G@06�:%>7858E6LC¡·�¬f¸p®i¹s®rº2»f¼ra½\^<D/E:=<¢>7@06N/5ZK),+.@B13>7Pp1��,6!:%>GRD-06�13<D6r9¨/EPQµDRD6!PD:L6F10<D6�ZK+G13/E+7P�+7ni10<D6
)D>7@B10/E:!856!-s10<?>G1¥n}+.858E+�\xV

�ru=�



�ru�� �.VS�'(������F(���� W�	�
��
�^(��������

�X/EA.RD@B6��.V2���������������������! #"��%$
��&#')(+*
,-�+&#./�0��1+�2��34���5�6"�(7����'7&��0�����!8���3� �9:�����4�6�6�� <;>=?�+&@ 34�6"��A.B"���3C�����4D>�C96������,-��"����C�034�E�6"��%D+��3���&#'F$
�4���GD+��34(��0�4�H=2I-J�K����E,-�+&�./�0��1+�L��9M�+34$N�%=>9M,O�0"�,O��&�. ���� @ 3���"��6(G���#��,-������(+*P���#�L,-��"������034���+&� Q�6"���D+��3C9E��&Q,-�+�5�L$
�����R������,S��"������034�L&#(G�����6�6�0"�#(%$T*U��"
�%$N�%=2���#�E8-��3� �9V��"��E*U"�(7�W�����E,-��"������03��+JXK��#�0"��E��9
&#(�D��4(73������4(7&!(+*Y�0� @ 9��+3C�4�/=Z;O�5.�0� @ 96�E8���3C �9�����,O(7��&[��9�\]�+&� 2^_�5(7�L�`*U"�(7�W�����E,-��"������03��E���
 ��baO�0"���&[�
34(��0�����4(7&�90JPcd�4��3C �9*e"�(7�f\T��"��`*e"�(7�f\
gO���
�L�������:hi\Mg4jkI!��'+(#l-$
�-��34�m8���3� �9V���
^n*U"�(7�W,O(7��&[�V^:gO���
���������hi^�g4jkI!��'+(#J
WYP¦>7CDCD/213/E+7PJ13+�13<D6#\�>7t76[M?6!85CD-!aD10<D6x6!856!:L10@0+.ZK>7A.PQ6L13/5:iM?6L8ECD-^-06L6!P¦�q9T13<D6[��6!>7Z�)D>7@B10/E:!856

:L+.PD-B/E-B1�+Gnm>78E-B+�13<D6N6�´_136!@BP?>78�MD6!8ECQ-�n}@0+.Z§13<Q6NZT>7A7PD6L10-!a½@Bn a½6r13:GV�¶¥<D6N6L8E6L:L13@B/E:HM?6!85Cpoq >7PDC
ZK>7A.PQ6L13/5:]µ?RS´�CQ6!PD-B/51Y9 or :%>7PF�,6x\^@B/51B136!PF>7-

| oqts or � 96�0��&G;>=,-��"������034��9 � | oqRs or � �5u��6�0"�&��+3vl�*U"�(7�����'7&#�0��90l-"�*Hl#�0����J w | oqts or � $x��1+�8���3� �9 | �.V2�c�

\^<Q6!@06
| oqts or � \�>7t76M?6L8ECD-

y{z �,6%>7Z /5Pp136!PQ-0/51Y9| | oqts or �6}B~��e}/�e�0�����
�m+7136'10<?>G1N13<Q6z8E>7-B1J@06!-I13@B/E:L10/E+.Pgam\^<D/5:=< /5-N:!6L@B1=>G/EPD829¢PD+G1F10@0RD6'/5P�)D8U>7-BZT>�)Q<q9_-B/E:!-La#>7858E+�\^-
\�>7tG6�M?6L8ECD-^13+H��6#10@06%>f136!C�>7-m)�6L@B13RQ@0�?>G10/E+.PgVk¶¥<D/5-^)�6L@B13RQ@0�?>G10/E+.Pga?<D+�\�6r4.6!@La�\^/58E8��D@B6%>7tNCQ+c\^P
\^<Q6!P¨)�+G136!Pp10/U>78 uv\k6!8E8yCD/5-B10+.@B10/E+.Pz/E-�8U>7@BA.67V�WYP�10<?>G1�:%>7-B67ad13<Q6J)�+G136!Pp10/U>78 uv\k6!8E8yCD/5-B10+.@B10/E+.P�<?>7-
10+K�,6[/EPD:L8ERDCD6LC¦/5Pp13+�13<D6xPD+.P_uY),6!@B10RD@0�D>G13/24.6[)?>7@B1!Vk��<?>f1m\k6[PD6!6LC�13+H:!+.ZH)DRQ106[>7@06x13<D6x\�>7t76
MD6!8ECQ-]>G1�>KCQ/E-B13>7PD:L6!�K�,6!<Q/EPDCF13<D6�-0+.RD@B:!6�)?>7@B10/E:L8E6[>7PDCF13<D6L/E@m6k��6!:L10-i+.PF13<D6[136L-B1�+.@m\^/213PD6L-0-
)D>7@B10/E:!856!-^13<?>f1iZK>7t76[RD)�10<D6[��6!>7Z¦V¥¶¥<Q6�:!+7ZK)DRS1=>G10/E+.PF+7nd10<D6�\�>7t76�M?6!85CD-�/5-�PQ+.Pp13@0/24_/U>78 V¥�S+
>G)D)D@0+%´S/EZK>G10/E+.PD-s>7@06x@06k�qRD/E@B6!C�V



�7Vb��¶s\k+T(i)Q)D@0+%´S/EZK>G13/5+.PD- �ru��
����� ����� 	�
�
�
����¦��� ���½�����'&

v���������������������������������������������������
���������������������������������������������������witness

source
z

s

�X/EA.RD@B6T�.V �S�:��� �#������������ #"��%$
��&#'F(+*P(+*P�Z$
����&#��9�9M,-��"������034�����i�Z -��96���+&��5���!;O������&� G�����96(7�L��96( @ " �5�L,-��"������034�L��&Q�!;O���+�GJ��N(+��� ,-��"������03���9i��"��L�6"���D+��3C��&#'2�+34(7&#'G������ -�4"����5���4(7&��$
�4���!D+��34(��0�4�/=! ISJ
(s1[<D/EA7<'6!PD6L@0A./56!-!aj10<D6�)?>7@I13/E:L8E6��,6%>GZ¤/E-#@B/EA./5C'>7PDC'10<D6�n}+.8E85+c\^/5PDAK1Y\k+¦>7)D)D@B+�´S/5ZT>G10/E+.PQ-

>G)D)D859 �#"
| �c�%$'&)(+*-,/.0,21435(7698 6;:<:=*?>A@),B8C6ED?,/>0FyaS\^<Q/E:=<F-3>%9_-m10<?>G1^13<D6x�,6%>7Z 13@3>%476!@0-B6!-m13<D6xCD/5-0:!+7PSu
10/EPqRD/21Y9�+7ny13<Q6�4G>7:LRDRDZ :=<D>7Z��,6!@#@0/5A./ECQ859¦>7PDC'13<Q6�\�>7tG6�MD6!8EC�),6!@I13RD@B�?>G13/5+.P'CD+_6!-xPD+71[> �g6L:L1
10<D6JZH+713/5+.Pw+Gn¥13<D6J�,6%>GZ CDRQ@0/EPQA�13<D6J10@3>%4.6L@0-0>78s+7n¥10<D6JCD/5-0:!+7Pq10/EPqRD/21Y9.V'¶¥<D/5-�/E-�>�A.+_+SC;>G)Su
)Q@0+%´S/EZK>G13/5+.P�6L4.6LP�/EP�13<Q6T)D@B6!-06LPD:!6T+7ns-I9SPQ:=<D@0+710@0+.P;+7-0:!/58E8E>G13/5+.PD-!ag��6L:%>7RD-B6K10<D6T85+.PDA./213RDCD/5P?>78
CQ/E-B13>7PD:L6��,6L1Y\k6!6!P�1Y\k+T�,6%>GZ*)D>7@B10/E:!856!-^:=<?>7PQA.6!-�PD6!A.85/EA./5�D859K/EP¦>K@B6L47+.8ERQ10/E+.P�13RQ@0P�@B6!8E>G13/24.6x13+
10<D6H:!/E@B:!RDZ�n}6!@B6!PD:L6K+Gn�13<Q6T>7:L:!6L8E6!@0>G13+7@[@B/EPDAQVK¶¥<D/5-�/5ZK)Q8E/E6L-i13<D>G1x13<D6HCD/E-I1=>7PQ:!6R�¦+7nk13<D6�136L-B1
)D>7@B10/E:!856]�,6!<D/5PDC¦-B+.ZH6#-0+.RD@B:!6[)?>7@I13/E:L8E6#>G-m-B<D+�\^P�/5P¦�X/EADV��.Vb��CD+_6!-^PD+G1^:=<?>7PDA.6GV
|H�.�G$H&<(�,B8I:=J<KBL�(�6;:<:<*->A@),28I6ED?,/>MF�Vd(�8510<D+.RDA.<K13<D6]106!-B1m)?>G@B13/5:!856i:%>G@0@B9_/5PDA�>�:=<?>7@BA.6�N�-06L6!-
>�\�>7t76xn}+.@0:L6 oO :!+.ZH/EPQA�n}@0+.Z | oqRs or �raQ\^<D>G1m/51^:%>G@06!-^/5-s13<D6x/EZH)DRD85-06

P oQ �SRUTV T!WYX
oO �ZRUTV T[WYX

ND| oq w o`]\ r � | �.V �.�
>G-J/51K:!+.ZH)D856L136L-K10<D6�13@0>%4.6!@B-3>78�13<D@B+.RDA.<¢10<D6�CD/5-0:L+.Pp13/EPqRD/21Y9 >f1J/510-HMS´Q6LC£4.6!85+S:L/51Y9 o`bVW��+G136
10<?>G1!	��[�zRDPQ/513-[<?>%4.6K��6L6!P�RQ-06!Cw/EP ���bVk|I�7Vb�.�x>7PDCz\^/E858d��6K>7CD+7)Q136LCw13<D@B+.RDA.<Q+.RQ1x13<D6K@06L-B1
+Gn�13<D6z8E6L:L10RD@06L-!V��w6�\^/E858]13<D6L@06rn}+.@06���6z:!+.ZH/EPQA¢>7:L@0+.-B-F10<D6w6L8E6L:L13@B/E:�),6!@0ZH/510/54_/51Y9¢+7n�n}@B6!6
-B)?>7:L6_^a`�� �cbYd3�D|2egfjl � �Tn�>7@0>7CD-ihGZ >7PDC¡13<D6zZT>GA.PD6L10/E:'),6!@BZK6!>7�D/E85/51Y9¢+7n�n}@B6!6z-0)?>7:L6Ijk`;�
lnmko?prqts�u-u?vBw�syxzoG{Bw|{Bo-}=~9s��-w���qB�������H}��?�n}���mko?}�wyv�}n�I�ts�qMu-vB}aq2}���{�}��%������� ���-�0o-s�wGs�{M{�o?}��5�t~����<x�x�}����}nvzs�{Bw�v)�cxzo?w�wy���?�<qBp#��xzo��A�-m�syp#�ks��A���<�? y��q/{<¡���¢i£c�Y¢�¤�¤y¥?�



�ru e �.VS�'(������F(���� W�	�
��
�^(��������
e�f \ �cb V dx<D6!PD@I9EhGZ¦V�¶¥<D6L-06T1Y\k+��qR?>GPq10/510/E6!-�>7@B6K@B6!8U>f136!Cz13+F13<D6�n}@06L6ruY-B)?>7:L6T/EZH),6!C?>7PQ:!6 � `
>GPDCF476!85+S:L/51Y9J+Gnh85/EA.<p1^l]�p9

� `���� jk`^a` �_�S�������	����e�
	� \ e�b�f�� ���	
S���g�gbY�Q�c���]<DZH- s
l^� �� jk`�^�` �_�-�������	�#��e�
�� \w�cb	�mZT�G-L� | �.V#�p�

� +710< oq a or a�>7PDC oO >G@06�CD/��H:!RD821i13+N:L+.ZH)DRQ136�6L4.6LPw>f1#<D/EA7<���6!>7Z¤6LPD6!@BA./E6L-!V���+�\k6L4.6L@!a
10<D6N/EZH)DRD85-06]P oQ <?>7-�A.@B6%>G1�-0/EZH)D85/5n«9_/EPDAF)D@B+.)�6L@B10/E6!-�13<D@B+.RDA.<w10<D6�
h>GPD+7n}-0tp9puv��6!PQ{!6!8[|/
huv� �10<D6!+7@06!ZFaD\^<D/5:=<Fn}+.@BZK-s10<D6x�?>7-B/E-¥+7no\s>Gt76[)�+7106!Pp13/E>78E-^>GPDC�/EZH)�6LC?>7PD:L6!-!V

����� � � �+���p&d���! ?� ���#"��]"U�%$�����
½���
	¦>f´_\�6L8E8e6A�qR?>G10/E+.PQ-sn}+.@m>�)D>7@B10/E:!856]/EPN10<D6x��6!>7Z�>7@B6>�&''''''''''( '''''''''')

o*,+ oq � -^a` . >7RD-0-0/ -m8U>%\¡n}+.@¥6!856!:r13@0/5:#:=<?>7@BA.6 s
o* \ or � �l��21 oq1 X

� jk`43ol -657 (iZH),6!@06�/ -^8E>�\ s
o*,+ or � b . >7RD-0-0/ -m8U>%\¡n}+.@¥ZK>7A.PD6r13/E:i:=<?>7@0A76 so* \ oq w 1 or1 X

� b �b>7@3>GC?>%98/ -:9 ~j6!PD{x8E>�\��
| �.V�eq�

��6T<D>�476T@B6!)D8E>7:!6LCw13<D6K:!RD@B@06LPq1�CD6!PQ-0/51Y9�\^/213< o; �<3ol -657 \^<D6!@B6 - /5-[10<D6T:=<?>G@0A.6HCD6!PQ-0/51Y9�+7n10<D6��,6%>7ZFV�¶¥<D6��,6%>7Z )?>7@I13/E:L8E6[4.6!85+S:L/51Y9>= o`?=b�@3ol[\^/58E8X��6�10@06%>f136!Cz>7-x>J:L+.PD-I1=>7Pp1%aj\^<D/5:=<�/5-
10<D6[@06!-BRD851m+7nX13<D6x@B/EA./5CSuY�,6%>7Z�>7)D)D@B+%´Q/5ZT>f13/E+7P�aD>7PQC¦/5-m:L6!@I1=>7/5PD859K13@0RQ6�>G1m<D/5A.<�6!PD6L@0A./56!-^\^<D6!P3BA �.V��m+7136�13<D>G1�\k6T<D>�476T�,6!6LP�CD6!PQ+713/5PDA¦10<D6 7 uY>f´S/E-�>7-[10<D6HCD/E@B6!:L10/E+.Pz+7n¥ZH+710/E+.P�+7ns10<D6�,6%>GZ¦a.\^<D/58E6¥@B6!-06L@B4_/EPQA!�[>7-½13<D6^CD/5-B1=>GPD:!6¥13<Q6m\^/213PD6L-0-y)?>7@I13/E:L8E6¥/5-m¬DC?®0¬p»£10<D6�-B+.RD@B:!6^)?>7@I13/E:L8E6GV
�?+.@s>�:!/E@B:!RD8E>7@�@B/EPDAQaS13<Q6 7 uY>f´S/E-s:L+.PD-I13/510RQ136L-s13<D6x>c´Q/5-s+7no-B9_ZHZK6r13@I9J+7ne13<Q6i4G>7:!RDRQZ :=<?>7Z��,6!@LV¶o+.A.6r13<D6L@�\^/513<�10<D6N13@0>7PD-B476!@B-06F:!+_+.@0CD/5P?>G106!-FE >7PDCHG�ad10<D6L9wn}+.@0Z >7P¨/EPD-I1=>7Pp1=>GPD6!+.RQ-�@0/EA7<q1Iu
<D>7PDCD6LC �s>7@I136L-0/U>GPz:L+S+7@0CD/5P?>G136�-B9_-B106!ZFV�¶¥<_RQ-!aj13<D6H>7�,+�4.6�\�>7t76�M?6L8ECD- oq >7PQC or >7-]\k6!858½>7-
\�>7tG6[n}+.@B:!6 oO >7@06]n}RDPQ:L13/5+.PN+7nIE s G s 7 s

X
V½�?@0+7Z 13<Q6#@0/EA7/ECJ�,6%>7Z�>7)D)D@B+%´Q/5ZT>f13/E+7P�ap13<D6x8E+_:%>f13/E+7P

+Gn�10<D6J136L-B1H)?>7@I13/E:L8E6Ga 7 ay/5-�PD+71�/EPQCD6!),6!PDCQ6!Pp1%a��DRQ1H/E-�@06!8E>G136LC;13+
X
�p9 7 � � w 3ol

X
a½\^<D6L@06��/E-�@06!A.>7@0CD6LC�>7-�13/5ZK6�uY/EPQCD6!),6!PDCQ6!Pp1H>7PDC�10<D6�8E+_:%>G10/E+.P�+7n^13<D6�-0+7RD@0:L6F)D>7@B10/E:!856T/5-�A./5476!P¨�p97KJMLON �QPB}��R3Xl

X
V��S/5PD:!6#\k6�>7@B6#8E+_+.tq/EPDA�>f1¥13<D6#M?6L8EC���6L<D/EPQC�>�-0+7RD@0:L67a �H/5-¥PD6!A.>G13/24.67V



�7Vr�2
h>GPD+7n}-0tp9puv��6!PQ{!6!8X¶¥<D6!+7@06!Z �ru 

¶¥<D6[~j+.@06LPp13{]n}+.@B:!6#+.PJ10<D6]136L-B1m)?>7@I13/E:L8E6�+7no:=<?>7@0A76�N�/E- oO � ND| oq w 3ol 57 \ or �rV �m6!@B6x10<D6

@B/EA./5CSuY�,6%>GZ�>7)D)D@B+�´S/5ZT>G10/E+.PH<?>7-s>78E-B+���6L6!PNRD-B6!C��p9J@B6A�qRD/E@B/EPDA[13<?>f1s13<D6�136!-I1¥)?>7@I13/5:!8E6�<?>7-�10<D6
-0>7ZH6x476!85+S:L/51Y9N>G-�>G8E8g+G13<D6L@m�,6%>GZ )?>7@I13/E:L8E6L-!V½Wv1¥n}+.858E+�\^-�13<D>G1

o* + oO � N -^�`0� � � ND3
l 1 q �

1 X
s | �.V�
.�

o* \ oO �
� N � 11 X w 3ol 11 7�� or � | �.V�
p�
��6[>7@06x+.PQ859J/5Pp136!@B6!-I136!CF/EPN10<D6x/EZH)DRD8E-B6

P oQ | E s G s �p�y� R TV T!WYX
oO | E s G s � w 3ol

X
s
X
��� | �.V��.�

/ V 6GV5a,13<D6�/EPp136LA.@3>G10/E+.PF+7n oO >78E+7PDAJ>T@B/EA./5C¦)D>G13<�\^/213< �J�,6!/5PDAJ<D6L8EC�MS´Q6LC�V#(i)Q)D859_/EPQAK13<Q6�:!RD@B8
10+���+710<¦-B/ECD6L-!a

o* \ P oQ | E s G s �p�½� R TV T WYX�� o* \ oO | E s G s 7 s
X
�
	 ����
�������� s | �.V��p�� �

10<D/E-��� @06rn}6!@B- 13<D/5-��� @06Ln}6L@0-10+ E s G s � 13+ E s G s 7
\k6[+.�Q1=>G/EPJn}+.@s10<D6x@0/EA7<q1^-B/ECD6Ga� /EA7<q1^�S/ECD6�� � N R TV T!WYX��

� 11 X w 3ol 11 7�� or | E s G s 7 s
X
�
� � ��
����!�"�

� � N R TV T!WYX W
or
WYX
�*� N or | E s G s � w 3ol

X
s
X
�$### T�%� V T � b�� | �.V��p�

��6#13<D6L@06rn}+.@06[>7@B@0/5476[>G1^@06L8U>G10/E+.P o* \ P oQ �Zb s | �.V5��bp�
\^<Q/E:=<�/5-�13<Q6!
huv� 10<D6!+.@B6!ZFV^Wv1]/E-�/EZH)�+7@B1=>GPq1¥10+JPD+7106�10<?>G1�-0+Tn�>7@mPD+J�,+.RDPQC?>7@B9F:L+.PDCD/213/E+7PD-
<D>�476T�,6!6LP�/EZH)�+7-06!CgVJ¶¥<D6R
du�� 13<Q6!+.@B6!Z§/E-#4G>78E/5Czn}+7@�>GPq9��,+.RDPQC?>7@0/56!-'&J¶¥<Q6T+.PD829�PD6!6LCD6!C
/5PD)DRQ10-�>7@06'10<D6�1Y\�+O>7)D)Q@0+%´S/EZK>G13/5+.PD-A�z13<D6�@B/EA./5CSuY�DRQPD:=<�>7)D)D@B+%´Q/5ZT>f13/E+7P£>7PDC£13<Q6z/5ZK)QRD8E-B6
>G)D)D@0+%´S/EZK>G10/E+.P�V^¶¥<D6!
du�� 13<D6L+.@06LZ 6r4.6LPzCQ+S6L-]PD+71i@06A�qRD/5@06�3;� �7ViWv1)(BRQ-B1]@B6A�qRD/5@06!- 3 A �
-B+H10<?>G1 3�:%>7PF@06LZT>7/5PN:!+.PQ-B1=>GPq1!Vk¶¥<qRD-La?13<D6 
huv� 13<D6L+.@06LZ /E-s476!@B9�A76!PD6L@3>78 V
¶¥<D6G
hu�� 13<D6L+.@06LZ :!>7P��,6�CD6L:!+.ZH)�+7-06!C'/5Pp13+J>K:!+.ZH)�+7PD6!Pp1])D>7@3>7858E6L8�13+T10<D6 57 >7PDC�+.PD6),6!@B)�6LPDCD/5:!RD8E>7@�13+ 57 VO¶¥<D6FCD6!:L+.ZK),+.-B/513/5+.P¨/E-�+.�Q13>7/EPQ6!C��q9;13>7tq/EPDAzCD+71H)D@B+SCQRD:L1T>7PDC�:!@B+.-0-)Q@0+_CDRD:L1m+7n 57 \^/213< �V�,Vo| �.V2�cbp�%� o*,+ | 57 \ P oQ �½�Zb s | �.V5�7�c�



�ru 
 �.VS�'(������F(���� W�	�
��
�^(��������
11 � P oQ�� � o* � P Q � � | �.V5�+�.�

�V�qR?>G10/E+.P¦| �.V5�7�c�o-0>�9_-y-0+7ZK6r13<D/5PDAx>7�,+.RQ1d10<D6s13@0>7PD-B476!@B-06^:!+.ZH),+.PD6!Pp10-½+7nkP oQ a.\^<Q/E:=<���6L:!+.ZH6!-La/5P?�s>7@B106!-0/E>7PF:!+_+.@0CD/5P?>G106!-!a
1 P Q��1 G � 1 P Q��1 E � | �.V5���p�

�]P¨13<D6F+710<D6!@�<?>7PQC�a��V�bV�|I�.V2�7�.��@B6!8U>f136!-�P oQ�� >7PDC4P oQ 
 ak13<D>G1�13<D6�13@0>7PD-I4.6!@B-06¦A.@3>7CQ/E6!Pp1H+7n10<D6x8E+.PQA./510RDCD/EPD>78b/EZH)DRD8E-B6i/5-¥6A�qR?>78g10+�13<D6#85+.PDA./213RDCD/5P?>78bA.@0>7CD/E6LPp1^+7ne13<D6]10@3>7PD-I4.6L@0-06[/EZH)DRD85-06GV
¶¥<qRD-La?13<D6 
huv� 13<D6L+.@06LZ -B10@0+.PDA7859N:L+.PD-B10@3>7/5Pp13-¥13<D6x:L+.ZK),+.PD6LPp13-^+7n P oQ V
¶¥<D6L@06[/E-^>7PF/EZH)�+7@B1=>GPq1�-0RD)Q)D8E6LZK6LPq1^10+H10<D6 
du�� 10<D6!+7@06!ZFaD\^<D/5:=<¦-I1=>G106!-A�

3'� �[��� o* � + P oQ�� �Zb � | �.V5��eq�
� ±	�
����


o*,+ P oQ � R TV T[W�X � o*,+ oO | E s G s 7 s X � 	 � ��
������ �
� N l R TV T[WYX � 1 q �
1 X

� � ��
������
� N5R TV T!WYX � 1 q �

1 7 � ����
 ����� � 11 � P Q � s\^<Q6!@06K\�6K<?>%4.6TRQ-06!C�10<D6�n�>7:L1[13<?>f1�10<D6T85+.PDA./213RDCD/5P?>78X:!+.ZH)�+7PD6!Pp1�+7ns13<Q6K\�>7t76Hn}+.@0:L6T/E-x/5PSu
CQ6!),6!PDCD6LPp1�+7ns13<Q6TZK>7A.PD6r13/E:�µ?RS´�CD6LPD-0/21Y9.V��b+7@[10<D6J-06L:!+.PQC;8U>7-I1�-I136!)gadRD-06T<?>7-��,6!6LP;ZT>GCD6
+Gn

11 X
q � | 7 s X �½� WW�X

q � | 7 s X �X� W
7
WYX

11 7 q � | 7 s X ��� | �.V5� 
.�
Wv1�/E-[/EZH)�+7@B1=>GPq1x10+�PD+7106K10<?>G1Hegf N - �f� � ah13<Q6T-0)D>7:!6K:=<?>7@0A76T136L@0Z§+7n o*H+ oO /EP ���bVs|I�.V�
p�#<?>7-�,6!6LP�+.ZH/51B136LCN��6L:%>7RD-B6�3�� �.V
����� � �F"!���'$�
y���m��"%"0� �!��� � � �5
y��� � $�� � �w��

��<Q6!P'13<D6��,6%>GZ +7n�:r9S85/EPDCQ@0/E:!>78o:!@0+7-0-#-06L:L10/E+.P'/5-i/EPQ-0/ECQ6�>J:L9_8E/5PDCD@B/E:%>G8E859J-B9_ZKZH6L10@0/5:�4G>7:!RQRDZ
:=<D>7Z��,6!@!ajPD>G13RD@0>78E829F:L9_8E/5PDCD@0/5:%>78X:!+_+.@0CQ/EP?>G106!-i\^/58E8o��6�RQ-06!CgV��S+.ZH6�CD/C�g6L@06!Pp10/U>78X+.)�6L@3>G10+.@0-i/EP
10<D6�:r9_8E/EPQCD@0/5:%>78j:L+S+.@BCD/EPD>G136L-i>7@B6�85/E-I136!C¦/EP¦¶h>7�Q8E6H�.V5� 
QV¥¶¥<D6!
hu�� 13<D6L+.@06LZ¦a �V�,Vh|I�7V5�cb.�ra,>7PDC
10<D6x-0RD)Q)D8E6LZK6LPq13>78�13<Q6!+.@B6!ZFa ���bVo| �.V5��eq�raD�,6!:L+.ZH6�� ���



�7V#eR�k9_8E/5PDCD@0/5:%>785859T�_9_ZHZK6r13@0/5: ��<?>7Z��,6!@ �ru �
¶X>7�D856��.V5�>�����baO�0"���& ���C�+3 (+,O�0"����6(+"�9m��&G���#�`�5=�3���&- #"����0�+3O�5(>(+"� ���&����6��9�J��M�0"��  \ �C9���D+���5�6(+"�+&� �� ��9V� 9��0�+3���"�J

o* + o� � �
� 11 � | � �	��� w

�
� 1 ��
1 � w 1 � �

1 7 s
o* \ o� � 5� � �

� 1 �

1 7 � 1
�



1 7 � w 5� � 1 �
�1 7 � 1 � �
1 � � w 57 � �

� 1 | � ��
=�1 � � �
� 1 �
�1 � � s

* ��� � �
� 11 �

�
� 1 �1 � � w �

� �21 � �1 � � w 1 � �1 7 � �&''''''''''''( '''''''''''')

11 � | � P Q 
��§� 11 � P Q � s11 � P Q ��� 11 � P Q � s11 � P Q 
��
�
� 11 � P Q � s11 � | � P Q ���§� � 11 � P Q 
 | 3�� �c���

| �.V5� 
p�

�m+�\xay10<D/E-�-06r1�6A�qR?>G10/E+.PD-�n}+.@ P oQ �,6!:!+7ZK6L-�-0RD@B)D@0/5-0/5PDA.859z-B/EZH)D8E6GV�Wv1�CD+_6!-�PQ+71�:L+.Pp1=>7/5P;>7Pp9-B+.RD@B:!6N136L@0ZH-�>7PDC¨/E-�:L+.ZK)Q8E6L106!829�/5PDCD6L)�6LPDCD6!Pp1H+7n���+7RDPDC?>7@B/E6L-!a½\^<D/E:=<�:%>GP��,6N:!+7PDCDRD:r13+.@B-!a
@B6!-B/E-B10/5476¦\�>78E8 asCD/E6L8E6L:L13@B/E:Gas+.@H6L4.6LP£)D8U>G-0ZK>QV�¶¥<D/E-K@06!-BRD851T-0+.856!829�>7@0/5-06!-Hn}@0+.Z 10<D6 	¦>f´_\�6L8E8
6k�qR?>G13/5+.PD-^)D85RD-¥13<D6#1Y\k+T>7)Q)D@0+%´S/EZK>G13/5+.PD-LV
¶¥<D6L@06[/E-¥PD+H8E+.-B-¥+7nXA.6!PD6L@3>785/51Y9T�q9J8E6L1B13/5PDA P Q 
�� :L+.-�� � \^/513<���� bSV½¶¥<D6!P�a?\k6xA.6L1
P Q � �ZP��Q � :!+7-�� � ��� P Q ���ZP��Q �b:!+.-�� � >7PQC P Q 
k�ZP��Q 
b-0/5P�� � s | �.V5� �.�

\^<Q6!@06HP��Q � a P��Q �%ab>7PDC�P��Q 
�>7@06 � uY/EPQCD6!),6!PDCQ6!Pp1%Vy¶¥<D6x-06r1i+Gnh6k�_RD>G13/5+.PD-¥n}+.@ P oQ ��6L:!+.ZH6!-&''''''''''( '''''''''')

11 � | � P��Q 
��§� �	��P��Q � s
11 � P��Q � � 11 � P��Q � s11 � P��Q 
 � � �

�
P��Q � s

11 � | � P��Q ���§� �	��P��Q 
 | 3��
�c���
| �.V5� �p�



�ru � �.VS�'(������F(���� W�	�
��
�^(��������
�?@B+.Z 10<D6#M?@0-I1i>GPDC¦8E>7-B1^6k�qR?>G13/5+.PD-LaD\�6xZ�RD-I1m<?>%4.67a?n}+.@�� �ZbQa

P��Q 
��Zb >7PDC P��Q 
s�Zb s | �.V5� �p�
+G13<D6L@B\^/E-B6�13<D6r9'\^/E8E8X��6�)D@B+.),+.@B10/E+.P?>G8X13+ � V�� \^<Q/E:=<z/E-#-0/5PDA.RD8E>7@#>G1 � � bSV��b@B+.Z 10<D6�-3>7ZH6
1Y\k+H6A�qR?>G10/E+.PD-LaD\�6[A.6r1%aDn}+.@����� bQa

11 � � � 11 � | � P��Q ��� �T� � � P��Q � s | �.Vb��bp�
>GPDCF10<D6!@B6Ln}+.@B6 P Q �f| � s � s �p� � ��� V�� :!+7-�� � � | �.Vb�_�c�
�m+�\ 13<Q6x\^<Q+.8E6x-0+78ERQ10/E+.PN:!>7P¦�,6]\^@0/210106!P¦>7-!aDn}+.@^>G8E8 � � bQa&'( ') `�P oQ�� �
� N�� �	�
� |H�p� � � � V��	� 5� :!+7-�� � � 5� -0/EP � ��� s

`�P Q � � � N
� ��� g� |/�p� � � :L+.- � � �
| �.Vb�>�.�

WYP >7�,+c4767a ��� |H�p�N/E-�:%>G8E8E6LC£13<D6¨³�±0¬7²Q¼��7®r±3¼�®�·�¬f¸p® ��°S²g¯r³�© �f² ���z¬��!©«ª�°_³ CQ¬7º�� >7PQC � g� |/�p�10<D6�º �f²_­7©«³�°Q»7©«²,¬7º�·�¬f¸p® ��°_²g¯r³ © �f² ���T¬��!©«ª�°_³ CQ¬7º �'VF¶¥<D6L9w>7@06H@06L8U>G106!C��,6!:!>7RD-B6J+7ns10<D6Q
huv�
10<D6!+7@06!ZFV£¶¥<D6�\s>Gt76�n}RDPQ:L13/5+.PD-K>7@06�n}RDPD:r13/5+.PD-H+7n]+.PQ6F4G>7@B/U>7�D856 ��+.PD829.a�>7PDC >G@06�13<D6¦+.PD859
@B6!ZK>7/EPQ/EPDANRDPQt_PQ+c\^PgVJ¶¥<D6L9�Z�RD-B1���6�-B+.85476!C�\^/213<z��+7RDPDC?>7@I9':!+7PDCD/510/E+.PQ-!V � 6L:%>7858d13<?>f1[10<D6
:L+.ZH)D8E/5:%>G106!CR	�>f´_\k6!8E8 u��i8U>7-B+c4�6A�qR?>G10/E+.PH13<?>G1�/5Pq47+.85476!- oq a or a_>7PDCT-B+.RD@B:!6!-k<?>7-���6L6!PJ@B6!CDRQ:!6!C
CQ@3>7-I13/E:!>78E829K10+�-0+.824S/5PDA (BRD-B1^n}+.@ ��� V	¦+.@B6#:!+.ZHZH6!Pp13-¥>G��+.RS1E�V�,Vj|I�.V ���.��>7@06]/5PN+.@0CQ6!@!V½¶¥<Q6#+.@0/5A./EP?>G8,-B+.8ERS13/E+7PT/EPJ10<D6i10+.)N8E/5PD6
+GnL�V�bVi| �.V ���.��\�>7-Kn}+.@ � �� bz+7PD8597V �m+c\k6L476!@Las\�6F:%>7P¢>785\�>%9_-HCQ6LM?PD6�> � `c|/�p��\^<Q/E:=<¢/5-10<D6H>7Pp13/ uYCD6L@0/54G>G10/5476�+7n � g` |/�p�]-0+�13<?>G1#10<D6�-0+.85RQ13/5+.P'<D+.85CD-#n}+.@x>7858��'V�(i8213<D+.RQA.< � `f|/�p�]<?>7-PQ+J)D<p9_-0/E:!>78hZH6%>GPD/EPDAQa,976L1#/21�\^/58E8e��6�<D6!85)Qn}RD8o/EP�CQ/E-0:LRD-0-B/E+.PQ-]��6L8E+�\xViWYP �V�bV½| �.V ���.�raMNH/E-�10<D6
:=<D>7@0A.6¥+Gn,10<D6s136L-B1y)?>G@B13/5:!856s>7PDC�� � /5-h13<D6¥6L8E6L:L13@B/E: �J10<�Z�RD8213/E),+.856k+7nb10<D6s-0+7RD@0:L6m)D>7@B10/E:!8567VX�?+.@>N-B+.RD@0:L6�)?>7@B10/E:L8E6�+7n�:=<?>G@0A.6��H>G1[>7P'+>��-06r1���n}@0+.Z*13<D6�>c´Q/5-#+7ny13<D6�:r9S85/EPDCQ@0/E:!>78o��6!>7Z )D/5)�6Ga
� � ����� � V�¶¥<_RQ-!a � g� <D>7-�13<D6�CD/5ZK6LPD-0/5+.P�+7n^n}+.@B:!6N),6!@�:=<?>G@0A.6�- �qR?>G@06�)�6L@�8E6LPDA713<�� � � V����+7@��y+.8213-ih���+.RD85+.Z�� hGZ � � a�\^<Q/E8E6 ��� <D>7-H10<D6�CQ/EZH6!PD-B/E+.P�+7n]n}+.@B:!6F)�6L@T:=<?>G@0A.6¦- �qR?>7@B6�),6!@856!PDAG13< � � +7@ �y+.8510-�h���+.RQ8E+.Z��9hGZ � � V�� VX¶¥<D6mPD6!Ap>f13/5476^-0/EA7PD-½+.P�13<D6^@0/5A.<p1½-0/5CD6!-�>7@B/E-B6 (BRQ-B1½n}@0+7Z>K:!+.Pp4.6LPp13/E+7P�V[�b+7@�6�´D>GZK)D8567a,\�6�\�>7Pp1]13<Q6�8E+.PQA./510RDCD/EPD>78�\s>Gt76 � g� |/�p�m10+N��6�)�+.-B/510/54.6[\^<D6!P10<D6x/EZH)DRD85-06#>7:r13/5PDA�+.PF10<D6#136L-B1m)?>7@I13/E:L8E6]/5-¥CD6!:L6!856!@3>f13/EPQADV� 6!:%>G8E8G10<?>G1j\k6y<?>%4.6y��6L6!Px8E+_+.tq/EPQA¥>G1�10<D6d\s>Gt76yn}+.@0:L6½+.Px>¥)?>7@B10/E:L8E6X10@3>%4.6L8E/5PDA^>G1 7 � � w `

X�,6!<Q/EPDC¦>�-0+.RD@B:!6[)?>7@I13/E:L8E6i10@3>%4.6L8E/5PDAH>G1 7 � `
X
V½¶¥<qRD-��"! bQVd��<Q6!P�` � lcaD:%>GRD-3>785/51Y9T<?>7-^13+



�7V#eR�k9_8E/5PDCD@0/5:%>785859T�_9_ZHZK6r13@0/5: ��<?>7Z��,6!@ �ru �
�,6#/EZH),+.-06LCJ13<?>G1 �
� |H�p�y�Zb�\^<Q6!P?��� bSVy�b+7@s+.RD@¥CD/5-0:LRD-0-B/E+.PD-¥�,6!85+�\xaQ\�6#\^/58E8,:!+.Pp13/5PqRD6#13+
RQ-06¥`[/EPD-I136%>GCH+Gn,l�/EP�ZH+.-I1½)D8U>G:!6!-Lap��6L:%>7RQ-06s\k6^\k+.RD85C�8E/5t76k10+#CD6!@B/5476¥-B1=>G�D/E85/51Y9[:!+.PQCD/510/E+.PD-h>7PDC
A7@0+�\¥13<'@0>G136L-]>785-0+Tn}+.@mZK>7:=<D/EPQ6!-�10<?>G1]>7@06�PD+71]RQ8513@0>fuY@B6!8E>G13/24S/5-B10/E:7V �m+�\�6r4.6!@Laj-B10@0/E:r1]:!>7RD-3>G8E/51Y9
\^/58E8���6x/EZH),+.-06LC¦>G-m/2ne13<D6#4.6L8E+_:!/21Y9J/E-mlcV
WYZHZK6LCD/U>G106!829��,6!<D/5PDC�>F-0+.RD@B:!6K)?>7@B10/E:L8E67aj10<D6H106!-I1�)?>7@I13/5:!8E6�-B<D+.RD85Cw@B6!:!6L/5476J>¦@B6L13>7@0CD/5PDA

n}+7@0:!6Gap+713<Q6!@B\^/5-06¥>])D>7@B10/E:!856�\^/58E8_:!+.Pp10/EPqRD6�10+#Ap>7/EP�6!PD6L@0A79�>7-d/21d/E-o13@0>�476!85/EPDA]CQ+c\^P�10<D6�4G>7:!RQRDZ
:=<D>7Z��,6!@e/EP#CD/5@06L:L13/5+.P]4_/E+.8E>G13/5+.Pi+GnS10<D6½:!+.PQ-06!@I4G>G13/5+.Px+7n_6!PD6L@0A797Vh¶¥<D/5-o/5ZK)Q8E/E6L-,10<?>G1 � g� |/�p��� b
\^<Q6!P#= � =!/5-X-BZT>7858�ac@06L:%>7858E/5PDA¥13<?>G1o13<Q6 � g� |/�p�o/5-XCQ6LM?PD6LC�/EPF�V�,VQ|I�7Vb���7�j\^/213<�>mPD6!A.>G13/24.6�-0/EA7P�+.P10<D6x@0/5A.<p1¥-0/5CD67V½¶¥<D/5-¥/E-¥/58E8ERQ-B13@0>G136LCJ/EP��X/EADV��.Vr�SVdWv1^\^/E8E8,�,6#)D@0+�4.6LC�8E>G136L@s/EP ��<?>G)Q136L@ �_V�
�10<?>G1

�X/EA.RD@B6��.Vr�S�<K����t34(7&#'7�4� @  ���&��+3N$x��1+��� g� � ����D��+&���9�����9L$
�#��&!�	��
��+&- ��9L,O(79������4D+� #�08-&��4�6�V$M�#��&
� ���+�C9Y9����+3�3vJdK��#�V�6" �+&�96D+�0"�96�
$N��1+��� � � ���Y96����"���9X( @ �X*e"�(7���0�0"�(:�+&- L'+([��9&#�0'7�����4D+�:�+9�� ���#��&-�5"����+96��90J
>K)?>7@B10/E:L8E6x-06L6!-]<?>G85n½+7nd/513-m+�\^P�\�>7t76GV#�?+.@¥13<D6�10@3>7PQ-B4.6L@0-B6�\s>Gt76 ��� |/�p�ra�/51�-B13>7@B10-i+.RQ1mn}@0+7Z{L6!@B+���>GPDC�A.+_6!-�PD6!Ap>f13/5476�>7-�= �8=D/5PD:!@B6%>7-B6!-Laj>7-]@B6A�qRD/E@B6!C'�p9F13<D6G
hu�� 13<D6L+.@06LZ¦V]¶¥<qRD-La�\^<D6!P
10<D6i-B+.RD@B:!6m)?>7@B10/E:L8E6^/E-yCD6rµ?6!:r136!Cga?>[10@3>7PD-I4.6L@0-06�\s>7tG6�n}+.@B:!6m/E-�:!@B6%>G106!CT/5PH10<D6iCQ/E@06L:L10/E+.P�13<?>f1k/21
\^/58E8bCD6rµ?6!:r1s)?>7@I13/5:!8E6L-k/5ZKZH6!CQ/U>G106!859�n}+.8E85+�\^/EPDAx/EPH13<D6x¼!¬7ªT®�CD/E@B6!:L10/E+.PH+7nj10<D6iCD6rµ?6!:r13/5+.PJ+7n�10<D6
-B+.RD@B:!67V�(iA.>7/EP�a_-0),6!:L/U>78�>G10106!Pp13/5+.PN-0<D+7RD8EC��,6#)?>7/ECJ10+�13<D6xPD6LAp>G10/54.6#-B/EA.PN+7P�10<D6#@0/5A.<p1¥-0/5CD6#+7n
10<D6¥CD6rM?PD/510/E+.P�+Gn ��� |H�p�h/5P2���bV,| �.Vb�>�.�rVo¶¥<D6¥13@0>7PD-B476!@B-06^\s>7tG6 �
� 4G>7PQ/E-0<Q6!-y>G1���� b#/EZH)D85/E6!-
10<?>G1]>T)?>7@I13/E:L8E6#\^/E858ePD+71]-B6!6�/213-m+�\^P�13@3>GPD-B476!@0-B6�\s>Gt76�>G1]>78E8 V¥¶¥<D/E-�8E6!>7CD-�10+T13<Q6�/EZH),+.@B13>7Pp1
:L+.PD:L8ERD-B/E+.PN13<D>G1^>�-0<D+7@B136L@¥�DRDPD:=<F\^/E858��,6#)D@06rn}6!@B@06!CF/5ne10<D6]13@0>7PD-B476!@B-06x\s>7tG6�CQ+.ZK/5P?>G106!-!aQ>7PDC
>�8E+7PDA.6!@��DRDPD:=<F\^/E8E8���6x)D@B6Ln}6L@0@06LC�/2no10<D6x8E+.PQA./510RDCD/EPD>78,\�>7tG6�CD+7ZK/5P?>G136L-!V
��<D6LP � �Zb�+.@�13<Q6[ZH+.PD+7)�+.8567aq\�6[<?>%4.6�P Q�� � b�\^<D/58E6 P Q � /5-s/EPDCQ6!),6!PDCD6LPp1i+7n�| � s � �>GPDC�CQ6!),6!PDCD-[+.PD829�+.P �QV�¶¥<qRD-!aX)?>7@I13/E:L8E6L-#/EP�>N13<D/5P�10@3>7PQ-B4.6L@0-B6T-085/E:L6�+7nk10<D6���6!>7Z¤\^/58E8h-B6!6

� �)�#{Bo?w��? yo p�{<x�s����?wy{k�g}5u?v�w��y}a��{Bo�s�{��������! #"$�?�?o?w��t}%��}nva���%w�q/{)�ks���}�qk�cw%o-s&�y}={Bo-prq u-vBw�u�}�v2{/���



�ru=�cb �.VS�'(������F(���� W�	�
��
�^(��������

v ~ c

����������������������������
����������������������������

����������������������������
����������������������������

������
������
������
������ v ~ c

�X/EA.RD@B6¢�.V�eO���m3�3E,S��"������034��9)��& � D+�0"������0�+3�9�3C���5� (+*L���#��;O���+� 9��0���5u#�+�5��34= ������9��+����L(7&#(+,O(734�G$x��1+�t���L, @ 3�96� �
	�� 
 ��*e"�(7� ���#�t96( @ " �5�2�+�0�5(+"� ���&#' �6( ���#�t9�3��C�5�Z,O(79������4(7&�F;O�����C&� !���#��96( @ "��5�+J
K
����9
3�(7&#'7�4� @  ��C&��+3ODA��" �������4(7&2(+*X�C�L, @ 3�9��i�5a ���5��(7&R���#��9�3����5��9
�0�+&34���+ G�6( 34(7&�'7�4� @  ���&-�+3S���C�5"�(%$x��D+����&�96����;-�C3��4�/=+J



��

���� ������
������������
������ v ~ c

���������������������������������������������
���������������������������������������

v ~ c

�h/EA.RQ@06��.V�
S���E����1�9�*e(+"��+3C3������G,-��"������034��9���&����#�G9�3C���5�F*U"�(7� ���#�G ���, (73�� $x��1+�2���L, @ 3C96��+3C96(F���%D+�����#�:9��+��������'7&-�4� @  #���O�#(%$N�0D+�0"�lO���#��34(7&#'7�4� @  ���&��+3O1�����1�9M, (7�C& ���6(Z*U(+"�$N��"  t(+";S�+��1>$N��"� t ��4"����5���4(7&! #�0,O��&� -��&#'�(7&!$
�#�0���#�0"V���#�i,S��"������034��9V��"��E��;O(kD+�E(+"�;O��34(%$ �������Au#��9(+*Y96=����L�0�6"�=+J
10<D6�-0>7ZH6�/EZH)DRD85-06x/EPF13<D6 7 uYCD/5@06!:r13/5+.P�>G:!:!+7@0CD/5PDAH10+T13<Q6�CD6L)�6LPDCD6!PQ:!6�+7n � g` +.P��Qa�>G-i-0<Q+c\^P
/5PF�h/EADV��.V�eDV½¶¥<D/E-^/5ZK)DRQ8E-06i:%>7PF8E6!>7CN13+�-06L85nUuY�QRDPD:=<D/5PDAK+7@¥ZK/5:!@0+�\�>%4.6x/EPD-I1=>7�Q/E8E/21Y9.V
�?+.@ � �
�.aD\k6[<?>%4.6�n}@B+.Z �V�bVX|I�.V ���.�k10<?>G1 P Q�� /5-^/EPDCD6L)�6LPDCD6LPq1�+7n¥| � s � �s�DRS1iCD6L)�6LPDCD-+7P �F+.PD829.V�(�8E8h)D>7@B10/E:!856!-#/5P�>N476!@I13/E:!>78½-085/E:L6�+7nk10<D6��,6%>7Z -BR ��6!@x6r´Q>7:r13859�13<D6�-3>GZK6�476!@B10/E:!>78

tq/5:=tFn}@B+.Z�13<D6�CQ/E),+.8E6x\s>Gt76�/EZH)DRD85-06T| � � �c�¥\^<D/E:=<'CD6L)�6LPDCD-#+.PQ859F+.P�<D+�\ n�>7@m13<D6�-B8E/5:!6�/5-
�,6!<Q/EPDC�13<D6mCD/5)�+.856¥-0+.RQ@0:!6GaQ>G-�/5-y-0<D+�\^PJ/5PK�X/EADVD�7V�
SV½�SRD:=<J>GPK/5ZK)DRQ8E-06¥:!>7PT856%>7C�10+[10<D6m10/E8213/EPQA
+Gn�10<D6�13>7/E8o+7ny13<D6��DRDPD:=<z/EPp13+J>J�?>7P?>7PD>J-0<?>7),6 �j/21#:%>GP�>78E-B+J:%>7RQ-06��,6%>7Z �D@06!>7tqRD)�VF�#P�10<D6
+G13<D6L@s<?>7PDCgaQ13<D6iCD/E),+.8E6m8E+7PDA./510RDCD/5P?>78?/EZH)DRD85-06 P Q � | � � �c��/E-�)Q@0+.),+.@B10/E+.PD>78?13+�10<D6#+>��-06L1s/EP10<D6 EDuYCD/5@06L:L13/5+.P�V



�7V#eR�k9_8E/5PDCD@0/5:%>785859T�_9_ZHZK6r13@0/5: ��<?>7Z��,6!@ �Lu3�.�

�?+.@x13<D6H-3>7tG6T+7ns:!+.Pp4.6LPD/E6LPD:!6Ga½ZT>GPq9z>GRQ13<D+7@0-�CQ+�PD+71�8E/5t76�13+F\�+7@0t'\^/510<w>FPD6!Ap>f13/5476)�
n}+7@m10<D6�)?>G@B13/5:!856!-^13<?>G1i>7@B6[n}+.858E+�\^/EPQADVs¶¥<D6L@06�/5-�>GPD+713<Q6!@i:L+.Pp4.6LPq10/E+.P�10<?>G1 �
� |H�.�s� b�\^<D6!P��! bQV�¶¥<D/E-xCD+_6!-#PD+G1x:=<?>7PDA.6�10<D6�)D<p9S-B/E:L-�>GPDC'13<D6�CD/5@06!:r13/5+.P'+7n�13<D6�\�>7t76�n}+.@B:!6!-#\^/58E8oPD+71
�,6[:=<?>7PDA.6LC�V�¶¥<qRD-La�/5PD-B106%>7CF+7nd�h/EADVg�.Vr�SaD\�6[<?>%4.6��h/EADVg�.V�
�/5PD-B106%>7C�Vk( )D@0/5:!6x<?>7-^13+H��6x)?>G/EC

�X/EA.RD@B6¦�7V�
 �ZK
����9`�C9`�t -�ba �0"���& ���5(7& D+��&[���4(7&������������#� $x��1+�!* @ &-�5���4(7&�9 � � � ���EDA�+&��C9��$
�#��&���� 
�J ����&��5�!���#�G,-�[=�9����09L��9����#�29��+���+l����#�G$x��1+�2* @ &��5���4(7&-9L��"��G���#�29��+�L�2�+9��&?cd�4'#J���J��)�+&� �� @ 9��`���#�G ��4"����5���4(7&�(+* �Q���+9�;O�0��&������+&#'+�� J	��&?������9��5(7& D+��&[���4(7& lX�������& �6�0"�,�"��0�������4(7&�� g� � ����

���
� � � � � ���V�C9x"���� @ �4"��� J

n}+7@�10<D/E-�:L+.Pp4.6!Pp10/E+.P�V ��6FZ�RD-B1H/5Pq106!@B)D@06r1K10<D6¦:L+.PDPD6L:L10/E+.PO��6r1Y\�6L6!P¢10<D6¦85+.PDA./213RDCQ/EP?>78�>7PDC
10@3>7PQ-B4.6L@0-B6�\�>7t76L-]>7-

� g� |H�p��� � WW
� ��� |H�p�L� | �.Vb���p�

¶¥<Q/E-[:!+.Pp4.6LPp13/E+7P�\^/E858½��6�RD-B6!Cwn}+7@x10<D6H@06!-I1�+Gn�13<Q6K856!:L10RD@06L-!V��O�?+.@I13RDPD>G136L859.aj\k6K\^/58E8dPD+G1��,6
RQ-0/EPQA ���bVm| �.Vb���p��Z�RD:=<¨�,6!85+c\xay�,6!:!>7RD-06�ZH+.-B1�8E+.PDA7/513RQCD/EP?>G8½/EPD-I1=>7�D/58E/213/E6L-�>G@06JCD@B/5476!P¨CD+.Z�u
/5P?>7Pp13829¢�p9 10<D6'ZH+.PD+.),+.8E6F8E+7PDA./510RDCD/5P?>78¥\s>Gt76 � g` >7PDC�ZH+.-B1T13@3>GPD-B476!@0-B6�/5PD-B13>7�D/58E/510/E6L-K>G@06
CQ@0/5476!PFCD+.ZH/EP?>GPq10859K�p9N13<D6xCD/5)�+.856i13@0>7PD-I4.6!@B-06x\s>Gt76 � � V

� mko?}�vB}asy�c}�v�q5qBo?w��?�r�'�g} si�tsyvB}%wy�t��}�{ s��-w�{Bo-}nv�x�w�� �y}n��{�p#w��Hpr� {Bo?}��rp#{B}nvzs�{��?v�}%{Bo-s�{5{Bo?} �ks���}G� �?�-x {�p#w��-q
� �����  ks���� ���� ���  ks�v�} �?}��-�?}a��p#��� �����/¢y� £y£! "!$#&%&')(+*,%t{Bo?} �?}n �s�{Bp �y}5qBp# ��-qkwy� {�o?}5vBpr yo�{<qBpr�?}�q��M�<q)s%v�}�qB�?�#{��{Bo?}5�ks���}<� �?��x {Bprwy��q � p#�r�7o-s&��}.-/�-q/{ {�o?}5wyu-u�w�q2p#{B}5qBp# ��-qkw��E� o-s�{<syvB}5�c}�u?prx�{B}a� pr��/Ep# ���¢y� 0?�



�ru=�7� �.VS�'(������F(���� W�	�
��
�^(��������
����� � ����
'"%����� �)� 
w�#$��'� �m�#&

� 6%>7Z )?>7@B10/E:L8E6!-Fn}+.@0Z >¢:LRD@0@B6!Pp1%a�+GnH\^<Q/E:=< 13<Q6;:!+.ZH)�+7PD6!Pp1�\^/213< n}@B6A�qRD6!PQ:L9����D|H�-fo�N/E-
	
��| 7 s

X
�T� 5� � V���
 � � V ����� � ak\^<D6L@06 5��ZT>%9;�,6�:!+.ZH)D856r´�VO¶¥<Q/E-�:!RD@B@06LPq1T:!+.ZH),+.PD6!Pp1K>G1H8E+_:%>f13/E+7P7 >7PDC�13/EZH6

X
\^/58E8��,6[>[��6!:L106!C¦�q9N10<D6x\s>7tG6�+7no13<Q6�)D@B6!:L6!CD/5PDAK�,6%>GZ�)?>7@B10/E:L8E6!-s10<?>G1m)?>7-B-m10<D6

),+./5Pq1 7 >G1¥13/5ZK6
X
�Z�p�f`J\^/513<N10<D6x:=<?>7@0A76[6L8E6LZK6LPq1 ��| 7 s

X
�F�p�G`S�

W
�.�G`bV�¶¥<Q6x10+71=>G8y¬_¯=¯=®rºE®r±B¬7³ ©«²_­

47+.8513>7A.6#-B6!6!P�|�+.@¥6LPD6!@BA79�Ap>7/5PD6!C�),6!@^RDPD/21s136L-B1�:=<?>7@BA.6���\^/E858g�,6

� | 7 s
X
�y� ��R TV T 5� � V���
�� � V � � ��
 � ����� � g` |H�.� W

�
` �
� ��| 7 s X �9RUTV T

� ��
 
���� � g` |/�p� W
�
` � | �.Vb�-eq�

¶¥<qRD-La?\�6[:%>7PF/ECQ6!Pp13/2n«9T13<Q6Hº �f²_­7©«³�°Q»7©«²,¬7ºX¯ �f°��,º ©«²_­H©«ª��?®0»p¬7²g¯=®#+7no13<D6#4G>7:LRDRDZ�:=<?>7Z���6L@�>G-

���` |����½� R TV T
� ��
 
���� � g` |/�p� W

�
` � | �.Vb�	
.�

¶¥<Q/E-[CD6LM?PQ/513/5+.P�/E-#13<Q6K-0>7ZK6H>7-x13<Q6K+.@BCD/EPD>7@B9�/EZH)�6LC?>7PD:L6H/5Pw>�:!/5@0:LRD/51!V��m+c\k6L476!@Lah\�6K<?>%4.6
<Q6!@06TZ�RD:=<;ZH+.@06H13<?>7Pw/EP�>¦:!/E@B:!RD/21��,6!:!>7RD-B6J13<D6K:!RD@B@06!Pp1�CD/5-B10@0/E�QRQ13/5+.P�:!>7P;),+.-0-B6!-0-�<Q/EA.<D6L@
Z�RD8510/E)D856!-!V
��<D6LP�10<D6�:LRD@0@B6!Pp1x/E-]CQ/E-0)Q8U>7:L6!C�10@3>7PD-I4.6L@0-06L859'�p9 ��n}@B+.Z 13<D6�>c´Q/5-]+7ny-I9SZHZH6L13@I9�+Gn�10<D6

�,6%>GZ )D/5)�6Gad13<D6'»_® �m®=¯r³�©«²_­z13@0>7PD-I4.6!@B-06Nn}+.@B:!6N>7:r13/5PDA�+.P¨>¦:!RD@B@06!Pp1�)?>G@B13/5:!856T/E-�+.�Q13>7/EPD6LC��p9
-BRDZHZK/5PDA�13<D6x:=<?>G@0A.6x6!856!ZH6!Pp1 ��| 7 s

X
�!�p�f`Q�

W
�p�G`T)D>7-0-B/EPDA 7 >G1¥10/EZH6

X
�!�p�f`,a

! O �� | 7 s X �#"y� �
N��
$ R TV T 5� � V���
�� � V � ����
 � ����� � � |H�p� W �` �
� N �$ ��| 7 s X � R TV T

� ��
 
���� � � |/�p� W �` s
| �.Vb��
p�

\^<Q6!@06 ! O �� | 7 s X �#"�/E-g10<D6½13@0>7PD-B476!@B-06yn}+.@0:L6k>%476!@3>GA.6!C[+�4.6!@o>¥8E6LPDA710< $ :!+�4.6L@0/5PDAm10<D6½CD/5-0:!+7Pq10/EPqRD/21Y9
+GnD13<D6k47>G:!RDRDZ :=<?>GZ���6L@!ap>GPDC�/E-e13<Q6!@06rn}+.@06k6A�qR?>78_13+�`�P Q�� � $ aG\^/510< P Q�� �,6!/5PDA�10<D6k10@3>7PD-I4.6L@0-06/5ZK)QRD8E-B6H-I13RDCQ/E6!Cw/EP�13<D6K)D@06r4S/5+.RD-�-06!:r13/5+.PD-!VF�?+.@�>7P�>G:!:!6L8E6L@3>G10+.@�@B/EPDAF+.@[-B10+.@3>7A76K@B/EPDADao13<D/5-
856!PDAG13<¢/5-H13>7t76LP¢13+���6F13<D6F@0/5PDAz:!/E@B:!RDZ�n}6!@B6!PD:L6�%�V£�w6¦/ECD6LPq10/5n«9�10<D6w³�±B¬7²Q¼��7®r±3¼�®'¯ �f°��,º ©«²_­
©«ª��?®0»p¬7²g¯=®#+7nX10<D6#4G>7:!RDRQZ :=<?>7Z��,6!@m>7-

� �� |����½�'&3 R TV T
� ��
 
���� � � |H�p� W �` � | �.Vb�	�.�

( �H} s�v�}  yw�p#�- �{BwH�-q2} {Bo?} u?o��cq2p x�p q2{Gx�w�� �y}n��{�p#w��$� }*)?xn}nuc{Gp#� �0o-s�uc{�}nv,+��.-  �w��<�c}��?w�{�p#�? �{Bo?} � v�} ���?}n��x���c}nug}n�-�?}n�-xn} ���0/2143�576 ��� o-prxzo �r}�s��?q5{�w�{Bo?} vB}aq2�?�#{�q�{Bo-s�{�{Bo-} xnsyu-syxnp�{�p ��}�p#�%ug}��?sy�-x�} p q�ugw�qBp#{Bp �y} pr��s� ypr�-syvB�� o?p#�r}k{Bo-} p#�-�?�-x {�p ��} p#�%ug}��?sy�-x�} p q9�?}� �s�{�p ��}kp#��s� �p#��s�v��y�Amko?} w�u?ugw�qBp�{�} prqE{�vB�?} pr�G{Bo?} }��? ypr�?}�}nv�p#�? 5xnwy� �y}���{�p#w��w��8/*9 576 �



�7V�
2��+.RD)Q8E/EPQAHWYZH),6!C?>7PQ:!6!- �Lu3�c�
WYP;�,+710< �V�_-LV^|I�7Vb��ep��>7PDC¡| �.V �	
p�raX13<D6J85+�\�6L@�8E/5ZK/213-x+7n^/5Pq106!A.@0>G13/5+.Pw<D>�476N��6L6!P;6�´S106!PDCQ6!C¨13+
��� aD�,6!:!>7RD-06]10<D6i\�>7t76#n}RDPQ:L13/5+.PD-�47>GPD/E-B<J\^<D6!P � !UbQVy�?@0+.Z{�V�bVe|I�7Vb�	
.�ra_/51s/5-s6L4_/5CD6!Pp1s10<?>G1
\k6�:%>7P�>G8E-0+T:!+.ZH)DRQ106�13<D6�10@3>7PQ-B4.6L@0-B6K/5ZK),6!C?>GPD:!6��q9�/EPp136LA.@3>G10/EPDAH13<D6�\�>7tG6�n}+7@0:!6�>�476!@0>7A.6!C
+�476!@m+.PD6#13RD@BPF>7:!:L+.@0CD/5PDA�13+

� �� | ���½�
� &ND3 ��` � R �` O �� | 7 s X � W 7 s | �.Vb���p�
\^<Q6!@06 � ��@06L)D@06L-06!Pp10-�13<D6HCD/5)�+.856�-0+.RQ@0:!6H:!RQ@0@06LPp1%V��S/5PD:!6��	� � �� |���� � b�/EZH)D8E/56!-#>GP�6LPD6!@BA79
85+.-0-Lao10<D6�n}+.@0:L6K856%>7CD-#10<D6KCQ/E-0)Q8U>7:L6!ZH6!Pp1 � �¦�q9�� � ah>GPDCw<D6LPD:!6H13<D6�n�>7:r13+.@�� & /5P �V�bV�|I�.V �	�p��V¶¥<Q6�~j+.@B6!Pp13{#n�>7:r13+.@ 3�� `S�7li/E-^>�:L+.Pp4.6!Pp10/E+.P�V
WYPp4.6L@0-06L8597a,10<D6#\s>7tG6[n}RQPD:L10/E+.PD-^:!>7P���6#\^@0/210106!PF/EPJ136L@0ZH-^+7nX10<D6x/EZH)�6LC?>7PD:L6!-k�

��� |H�p��� � & 3�-f R TV T
� �� |���� � V���
 
 ���

W
� s | �.Vb���p�

� g� |H�p�y� ��?f R TV T
� �� |���� � V���
 
����

W
� s | �.Vr�gbp�

\^<Q6!@06y13<Q6k)?>f13<[+7nQ/5Pp136!A7@3>G10/E+.P#/5P��,+713<x:!>7-06L-h/E-e>G��+�4.6k>7858713<D6y-B/EPDA.RQ8U>7@B/513/56!-�+7nQ10<D6y/EZH)�6LC?>7PD:L6!-
-B+T>G-^10+�A.R?>7@0>7Pp136!6x:!>7RD-3>G8E/51Y97V

��+G136�10<?>G1m13<D6�85+.PDA./213RDCQ/EP?>78g/EZH)�6LC?>7PD:L6�/E-�ZK+7-B13829N13<D6�ZK+7PD+.),+.8E6T| �¤� bp�^/EZH)�6LC?>7PD:L6
>GPDCK10<D6�10@3>7PD-I4.6L@0-06i/EZH)�6LC?>7PD:L6m/5-kZH+.-I13859�13<D6mCD/E),+.856�| ��� �c�y/5ZK),6!CD>7PD:!6Gaq/5ng10<D6m��6!>7Z�)D/E),6
:L@0+.-B-�-06L:L10/E+.P�/E-[:!8E+7-06K10+�:L/E@0:LRD8U>G@�>GPDCw13<Q6T)?>7@I13/5:!8E6�)?>f13<�/5-�:L8E+.-B6H10+�13<D6K)D/E),6K>f´S/E-!V�¶¥<D6r9
<D>�476]13<D6�CD/EZH6!PQ-0/E+7PD-k+Gn6�#<QZK-�>7PDC �]<DZH-�hG856!PDAG13<�a_@06L-0),6!:L10/5476!8597V½¶¥<D6]/5ZK),6!C?>GPD:!6L-�<?>%4.6]10<D6
n}+78E8E+�\^/5PDA�)D@B+.)�6L@B10/E6!-k�
��� � �` | �,���y� � � �` | ����� " >GPDC � �� |I� ���½�
� � � �� |������ " � | �.Vr�S�c�
�S� � �` | ���s>7PDC � �� |����s>G@06x>7P?>G859q13/5:i\^/510<¦),+.8E6L-¥+.PD829J/EPN10<D6x8E+�\�6L@¥<?>782n �½uv)D8U>7PQ6 ��� | �.Vr���.�
� � � �� | ���½�

�
l � �� | ��� s | �.Vr�g�p�

n}+7@¥:L9_8E/5PDCD@0/5:%>78�A.6!+7ZK6r13@B9J>7PDCF6%>7:=<�>7{!/5Z�RQ10<?>78g<D>7@0ZH+.PD/5:]/EPD:L8ERDCQ/EPDA � � �Zb �
eO�	�	� � �` |������ b >7PDC ��� � �� | ����� b�\^<Q6!P � � b s | �.Vr��eq�
/2ne13<D6x�,6%>7Z )Q/E),6#<?>7-¥13<D6x-0>7ZK6x6LPq10@3>7PQ:!6x:!@B+.-0-m-06L:L13/5+.P¦>7PDC�6r´S/51m:L@0+.-B-m-B6!:r13/E+7P�V


S� R4T` W
��
 � � �� | ���½� b s >GPDC R T` W

� 
 � � �� | ���� � b � | �.Vr��
.�



�ru=��e �.VS�'(������F(���� W�	�
��
�^(��������
¶¥<Q6�M?@0-I1Jn}+.8E85+�\^-K�,6!:!>7RD-06�10<D6�\�>7t76�n}RQPD:L10/E+.PD-J>7@06¦@06%>G8�as13<Q6'-06!:L+.PDC n}@B+.Z 10<D6�:!>7RD-3>G8E/51Y9
+Gn]13<D6�\�>7t76Fn}RDPD:L10/E+.PQ-!a¥>7PQCO13<Q6F10<D/E@BC�n}@B+.Z 13<D6?
h>GPD+7n}-0tp9puv��6!PQ{!6!8�13<D6L+.@06LZ � � �m�,6L1Y\k6!6LP
10@3>7PQ-B4.6L@0-B6�>7PDC�85+.PDA./213RDCD/5P?>78½6L8E6!:r13@B+.ZT>GA.PD6L10/E:�n}+.@B:!6!-LV �	� � �� | ��� ��b¦/5-�13<Q6T@06L-0RD821�+7n¥10<D6
n�>G:L1�13<?>f1�13<D6N13+G1=>78¥6LPD6!@BA79;+7n]>�)D>7@B10/E:!856N+.@�>'�DRDPD:=<O:%>7PQPD+71H��6�/5PD:!@B6%>7-B6!C >fn«136!@�)D>7-0-B/EPDA
10<D@0+7RDA.<N>�-B6!:r13/E+7PJ+7n�10<D6i4G>7:!RQRDZ�:=<?>7Z��,6!@�\^<Q6!@06�13<D6L@06i/5-�PD+�>7:!:L6!8E6L@3>G10/EPDA[6r´_106!@0PD>78�n}+.@B:!6L-!a
\^<Q/E8E6 ��� � �� | ���
� bK\^<D6LP�� �ZbKn}+.858E+�\^-mn}@B+.Z�13<D6Z
h>7PQ+7n}-0tp9puv��6!PD{L6!8d10<D6!+.@B6!ZFVi¶¥<D6�MDn«13<
)Q@0+.),6!@I1Y9Nn}+.8E85+c\^-kn}@0+.Z 13<D6[>7-B-0RDZH)Q13/5+.PN13<?>f1 �
� |Bbp�½� bQV
�?+.@�>#)DRD@06m@06L-0/5-B1=>GPD:!6 � ap13<D6m8E+.PQA./510RDCD/EPD>78_\�>7tG6i/E- � g` |H�.�k� ��� |/�p�G`S�rVd(s1k8E+�\�n}@06k�_RQ6!PSu

:L/E6L-!ae13<D6�\�>78E8½+7n�13<Q6K�,6%>7Z¤)D/E),6�/E-#/EPQCDRD:L10/54767VH¶¥<D/E-#\�>7t76Hn}RDPD:L10/E+.P�/5- � g` |/�p�x��� � g |H�p�f`Q��a
\^<Q6!@06��¢/5-s13<D6x/EPQCDRD:L13>7PD:L67V
�?+.@#>JPD+7PD@06L8U>G10/54_/E-I13/E:[�,6%>7Z*+7n�@3>7CQ/ERD- ��/EPQ-0/ECQ6�>T:!/5@0:LRD8U>7@���6!>7Z¤)Q/E),6�+7ny@3>GCD/ERD-��ca�10<D6

85+.PDA./213RDCQ/EP?>78,-0)D>7:!6[:=<?>7@BA.6x/EZH)�6LC?>7PD:L6]n}+.@����Zb�/5-i" "
� �` | ���½� &

�
�=` � `�c� � 3 � � w �½85P �� � s | �.Vr�	
p�

\^<Q6!@06 � `s� � jk`��g^�` AS���	�
	¡/5-�13<D6i/EZH)�6LC?>7PD:L6]+7nen}@06L6#-0)?>7:L67a9jk`^>GPDC�^a`m>7@06GaD@06L-0),6!:r13/5476!829.a
10<D6�ZT>7A7PD6L10/E:½),6!@0ZH6%>G�D/E85/51Y9�>7PDC�6!8E6L:L10@0/E:½),6!@BZK/213/24S/21Y9i+GnQn}@06L6y-0)?>7:L67a�� `r�Q| �-fo�g/5-j13<D6y@06r4.+.85RQ13/5+.P
n}@B6A�qRD6LPD:L9�+Gn?13<D6s�,6%>GZ
)?>G@B13/5:!856�\^/213<�~j+.@06LPp13{�n�>7:r13+.@B-X�T>7PDC 3yVo(i8510<D+.RDA7<�13<D/5-d/EZH),6!C?>7PQ:!6�/5-
:!>7)?>7:L/510/54.6GaS<Q+c\k6L476!@LaD/51k>7)D),6%>G@0-�/5PH10<D6�n}+7@0Z +7ne>[PD6!A.>G13/24.6m/EPDCDRQ:L1=>GPD:!6GV½¶¥<D6i:L+.@0@B6!-0),+.PDCQ/EPDA
\�>7tG6[n}RDPQ:L13/5+.P�/E-

� g` |H�.�k� � � g |H�.�G`S� ��=` � `�f� � 3 � � w �d8EP �� � � | �.Vr���.�
¶¥<Q6 � ���[13@0>7PD-B476!@B-06�-0)D>7:!6�:=<?>7@0A76�/EZH),6!C?>7PQ:!6xn}+.@m>K8E6LPDA710< $ +7nd10<D6�:L/E@B:!RD8E>7@^��6!>7Z )D/E),6
/5- � �� |����½� &

� ` $�-f�� � 3 � � �� � � �� � � s | �.Vr�	�p�
>GPDCF10<D6x:!+.@B@06L-0),+.PDCD/5PDA�13@3>GPD-B476!@0-B6�\�>7t76xn}RDPD:r13/5+.P�/E-

� � |H�p�y� � `3l $�-fg��� � ��p� � ��=� � � |H�p��� | �.Vr�	�p�
(iPF/EZH),+.@B13>7Pp1¥/EZH)�6LC?>7PD:L6x/E-s13<D>G1m+7nd>�@06L-0+.PD>7Pp1�:!>%4S/21Y9.VM��6!>7@¥13<D6x@06L-0+.PD>7Pp1�n}@B6A�qRD6!PQ:L9

� �=�D| �-fe�raG10<D6 �J10<�Z�RD8510/E),+.8E6½85+.PDA./213RDCQ/EP?>78p/5ZK),6!CD>7PD:!6L-h:!>7P���6kCD6!@B/5476!C�n}@0+.Z > � � %]uY)?>G@3>7858E6!8
lzl�mko?prqM}*)cu?v�}�q�q2prwy�%� pr�#����} �c}nv�p �y}��Gpr� �0o-s�u?{B}nvt¡?�;�)}�vB}��y{�o?}=qBu-syxn})xzo-s�v� y}t� w�v�xn})prq0q2}�}n�����G��}as��Iu-s�vB{Bp x��r}�qs�{ {Bo-} �g}�sy�4s�)�p q������E{Bo-} � wyvzx�} prq s&��}nvzs� �}���w���}nv0{Bo?}�xnvBw�qBqkqB}�x {�p#w�� wy��{�o?} ��}as��4� p�{�o�sG�?�-p�� w�vB� {�v�sy�-q �y}nvzqB}x�v�w�q�qtqB}�x�{Bprwy�7�?{Bo?}��-vzq2{t{�}nv�� pr� {�o?}5�?vzsyxz��}�{�qt�g}�xnwy�%}�q�


�
pr�-q2{B}asy� w��t¢y�



�7V�
2��+.RD)Q8E/EPQAHWYZH),6!C?>7PQ:!6!- �Lu3� 

:L/E@B:!RD/21�� � �� | ���d�

� � �
� w &��

� � �
� �

�
� � � s | �.V#eYbp�

\^<Q6!@06F13<D6�@B6!-0+7P?>7Pp1J>GPDA.RD8E>7@�n}@06k�_RQ6!PD:r9¢/5- ��� | � � % � � V�� � � >7PDC �_RD>78E/21Y9�n�>7:L10+.@�/E- � �
� � � � % � � � � V �m6!@06GaSn}+.@y13<Q6��J13<TZ�RD8510/E),+.8E6Ga713<Q6i-0<qRDPp1¥/5ZK),6!CD>7PD:!6 � � � /5-�/5P!�]<DZH-�hGZ � � a10<D6[/EPDCDRQ:L1=>GPD:!6x/EPF<D6LPD@B9EhGZ � � ab>GPDCF10<D6x:%>7)D>7:!/21=>7PD:L6�/5PNn�>7@3>7C_uYZ � � Vk¶¥<D6x13@0>7PD-I4.6!@B-06�/EZH)�6�uCD>7PD:!6[:%>GPFPQ+c\ ��6#+.�S1=>7/5PD6!C�n}@0+.Z 13<D6 
huv� 13<Q6!+.@B6!Z�+7nN�V�,Vo| �.V#�Y�p�%�

� �� |����½� l� � � �
� w &��

� � �
� �

�
� � � � | �.V#eQ�c�

(iPQ+713<D6L@¥6r´Q>7ZH)D8E6i/E-�10<D6#8E+.PQA./510RDCD/EPD>78?/EZH)�6LC?>7PD:L6in}+.@¥>�856!PDAG13< $ +7ne13<D6#@B6!-0/5-B10/54.6#�,6%>GZ
)Q/E),6>� ���` |����½� � �^� & -0A7Pe|���� �

$�-f ��� � � J���� � s | �.V#e#�.�
\^<Q6!@06���/5-d13<D6¥@0>7CD/5RD-½+7nb13<D6^:r9S85/EPDCQ@0/E:!>78_��6!>7Z )D/5)�6Ga	� � /5-d13<D6¥:L+.PDCDRQ:L13/24_/51Y9�+7nb10<D6^)D/E),6�\�>78E8 a

� J
��� �i� �7l� `ij ��� � = � = s | �.V#eY�p�
/5-]13<D6�-Btq/EP�CD6!)S13<�>G1#n}@06k�_RQ6!PD:r9����D| �-fe�ra�>GPDCCj �#/E-]10<D6�@06L8U>G10/54.6�ZT>7A7PD6L10/E:�),6!@BZK6!>7�D/E85/51Y9F+7n
10<D6x)D/E),6]\�>78E8 Vd¶¥<D6x13@3>GPD-B476!@0-B6�/5ZK),6!C?>GPD:!6#/5-

� �� | ���½� � �m� & -0A.Po| �����
$ lf � ��
�� � � J
��� � s | �.V#egeq�

>GPDC¦/5-¥@06L8U>G106!CN13+�13<Q6[85+.PDA./213RDCQ/EP?>78,/EZH),6!C?>7PQ:!6#�p9
� �� |����½� �Gl

� � � � �` |����`� | �.V#e�
.�
¶¥<Q6x>7��+�476]@06L8U>G10/E+.PK<?>7-s�,6!6LPFRQ-06!CJ476!@I9N+7n«136LPT13+�6L-B10/EZK>G136^13<D6�13@3>GPD-B476!@0-B6x/EZH)�6LC?>7PD:L6�n}@0+7Z
10<D6]85+.PDA./213RDCD/5P?>78 V6�m+�\�6r4.6!@LaD\�6i-0<D+.RQ8ECJ�,6]>%\�>7@06i10<?>G1k13<D/5-�@06L8U>G10/E+.PH<D+.85CD-�+7PD859�n}+.@k@06L-0/E-I13/24.6
/5ZK),6!CD>7PD:!6L-�+Gny>K:r9S85/EPDCQ@0/E:!>78j�,6%>7Z�)D/5)�6GV¥¶¥<D6�ZH+.PD+7)�+.856#8E+.PQA./510RDCD/EPD>78�/EZH),6!C?>7PQ:!6[>7PDC�10<D6
CQ/E),+.8E6�13@0>7PD-I4.6!@B-06J/5ZK),6!CD>7PD:!6H�,6!8E+7PDAF10+�CD/C�g6L@06LPq1�>7{!/5Z�RQ10<?>78E- �X10<D6!@B6Ln}+.@B6K13<Q6L9z-0<D+7RD8EC�PD+71
�,6i@B6!8E>G136LC�V½(iPJ6�´Q>7ZK)Q8E6^13<?>G1k4_/E+.8E>G136L-m�V�bVj| �.V#e�
.�y/5-k10<D6i85+.PDA./213RDCD/5P?>78b>7PQCT13@0>7PD-B476!@B-06#-0)D>7:!6
:=<D>7@0A.6x/5ZK),6!C?>GPD:!6L-m-I1=>G106!CF/EP �V�q-!VX|I�.V#��
p�s>GPDC�|I�.V#���p��V

	¦+.@B6¥6r´S)D@B6!-0-B/E+.PQ-yn}+7@d/EZH)�6LC?>7PD:L6!-d@B6!-BRD8510/EPDAin}@B+.Z 47>G@0/E+7RD-h1Y9_)�6L-½+7n,CD/E-B:!+.Pp10/EPqRD/51Y9�/EP�10<D6
4G>7:LRDRDZ :=<?>7Z��,6!@�>7@06�@06L)D@0/5Pq106!CTn}@B+.Z 13<D6��x¬7²,»�� �
��¸ �����]¯=¯=®rºE®r±B¬7³ �f± � C��c¼r©�¯=¼#¬7²,»���²_­7©«²g®=®r±��
©«²_­ � � �e/EPN13<Q6xn}+78E8E+�\^/5PDA�)?>GA.6!-LV



�ru=� 
 �.VS�'(������F(���� W�	�
��
�^(��������
3.2.5 Explicit Expressions of Impe-

dances and Wake Functions
K.Y. Ng, FNAL
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General Remarks and Notations:

W ′m denotes mth azimuthal longitudinal wake function as a function of distance z for
z<0. When z>0, W ′m(z)=0 and W ′m(0)= lim

z→0−
W ′m(z). Similar for transverse wake Wm.

The mth azimuthal longitudinal impedance Z
‖
m(ω) =

∫
e−iωz/vW ‖m(z)dz/v is related

to the transverse impedance of the same azimuthal Z⊥m(ω) =
∫
e−iωz/vW⊥m(z)idz/(βv) by

Z
‖
m = (ω/c)Z⊥m (valid when m 6= 0). In many cases, β=v/c has been set to 1.

Unless otherwise stated, round beam pipe of radius b is assumed. C = 2πR is the ring
circumference and n is the revolution harmonic. Z0 ≈ 377 Ω is the free-space impedance.
ε0 and µ0 are the free-space dielectric constant and magnetic permeability.

Description Impedances Wakes

Space-charge: [1]
beam radius a in a
length L of perfectly
conducting beam
pipe of radius b.

Z
‖
0

n
= i

Z0L

2Cβγ2

[
1 + 2 ln

b

a

]

Z⊥m6=0 = i
Z0L

2πβ2γ2m

[
1

a2m
− 1

b2m

]
W ′0 =

Z0cL

4πγ2

[
1 + 2 ln

b

a

]
δ′(z)

Wm6=0 =
Z0cL

2πγ2m

[
1

a2m
− 1

b2m

]
δ(z)

Resistive Wall: [1]
pipe length L, wall
thickness t, conduc-
tivity σc, skin depth
δskin.

Z
‖
m

L
=
ω

c

Z⊥m
L

=
Z0c/(πb

2m)

[1+sgn(ω)i](1+δm0)bc
√
σcZ0c
2|ω| −

ib2ω
m+1 + imc2

ω

t�δskin=
√

2c/(|ω|Z0σc), |ω|�cχ/b, χ = 1/(Z0σcb)

For t� δskin and
b/χ� |z| ≈ c/|ω| �
bχ1/3.

Z‖m =
ω

c
Z⊥m

Z‖m =
1−sgn(ω)i

1 + δ0m

L

πσcδskinb2m+1

Wm=− c

πb2m+1(1+δm0)

√
Z0

πσc

L

|z|1/2

W ′m=− c

2πb2m+1(1+δm0)

√
Z0

πσc

L

|z|3/2
For t� δskin or very
low freq., and b/χ�
|z| ≈ c/|ω|�

√
bt.

Z
‖
0

L
= − iZ0tω

2πbc
,

Z⊥1
L

= − iZ0t

πb3

W ′0
L

=−Z0tc

2πb
δ′(z),

W1

L
=−Z0tc

πb3
δ(z)

Z
‖
0 =2Zc

[
φ0

2π

]2[
2 sin2ωL

c
−i sin

2ωL

c

]

Z⊥1 =

[
Z
‖
0

ω

]

pair

c

b2

[
4

φ0

]2

sin2 φ0

2

W ′0 =2Zc c

[
φ0

2π

]2
[δ(z)− δ(z+2L)]

W1=
8Zc c

π2b2
sin2φ0

2
[H(z)−H(z+2L)]

A pair of strip-line
BPM’s: [2] lengthL,
angle each subtend-
ing to pipe axis φ0,
forming transmis-
sion lines of charac-
teristic impedance
Zc with pipe.

The strip-lines are assumed to terminate with impedance Zc at
the upstream end.

Heifets inductive im-
pedance: [3] low freq.
pure inductance L.

Z
‖
0 rolls off as ω−1/2.

Z
‖
0 = − iωL

(1−iωa/c)3/2

−→ −iωL as a→ 0

W ′0 =
c2L

a
√
πaz

[
1 +

2z

a

]
ez/a

−→ c2Lδ′(z) as a→ 0

Pill-box cavity at
low freq.: length g,
radial depth h + b,
where g ≤ h� b [6].

Z
‖
0 = −i ωZ0

2πcb

[
gh− g2

2π

]

Z⊥1 = −i Z0

πb3

[
gh− g2

2π

]
W ′0 = −Z0c

2πb

[
gh− g2

2π

]
δ′(z)

W1 = −Z0c

πb3

[
gh− g2

2π

]
δ(z)

2
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Description Impedances Wakes

Pill-box cavity at
low freq.: length g,
radial depth h + b,
where h � g � b
[6].

Z
‖
0 = −iωZ0h

2

π2cb

[
ln

2πg

h
+

1

2

]

Z⊥1 = −i2Z0h
2

π2b3

[
ln

2πg

h
+

1

2

]
W ′0 =−Z0ch

2

π2b

[
ln

2πg

h
+

1

2

]
δ′(z)

W1 =−2Z0ch
2

π2b3

[
ln

2πg

h
+

1

2

]
δ(z)

Pill-box cavity:
length g, radial
depth d. At
freq. ω � c/b,
diffraction model
applies [1].

Z‖m=
[1 + sgn(ω)i]Z0

(1+δm0)π3/2b2m+1

√
cg

|ω|

Z‖m =
ω

c
Z⊥m

Wm = − 2Z0c
√

2g

(1+δm0)π2b2m+1
|z|1/2

W ′m =
Z0c
√

2g

(1+δm0)π2b2m+1
|z|−1/2

Optical model: [7]
A series of cavities
of periodic length
L. Each cavity
has width g, high
Q resonances of
freq. ωn/(2π) and

loss factor k
(m)
n for

azimuthal mode m.

ReZ‖m =
N∑

n=1

πk(m)
n δ(ω − ωn) +

2πC
SV
G(ν̄)F (ν)

(1+δm0)b2m
H(ω − ωN )

W ′m =
N∑

n=1

2k(m)
n cos

ωnz

c
+

2C
SV
G(ν̄)

(1+δm0)b2m

∫ ∞

ωN

dωF (ν) cos
ωz

c

where CSV = 2Z0j
2
m1/(π

2ζ2β) ≈ 650 Ω for m = 0 and 1650 Ω for
m = 1, jm1 is first zero of Bessel function Jm, ζ = 0.8237.

G(ν̄)= ν̄2K2
1(ν̄), F (ν)=

√
ν+1

(ν+2
√
ν+2)2

, ν̄=
ωb

βγc
, ν=

ω

ωSV

=
4b2ω

ζ2c
√
gL

Formulas for com-
putation of W ′m.
erfc(x) is the
complementary
error function.

∫ ∞

ω̂
dωF (ν) cos

ωz

c
= ωSV F̃0(z/c)−

∫ ω̂

0
dωF (ν) cos

ωz

c

F̃0(x) =

∫ ∞

0
dωF (ν) cosωx =

π

4
(1 + 4x)e2xerfc(

√
2x)−

√
πx

2

Resonator model for
the mth azimuthal,
with shunt imp.

R
(m)
s , resonant freq.

ωr/(2π), quality
factor Q [1].

Z‖m =
R

(m)
s

1 + iQ (ωr/ω − ω/ωr)

Z⊥m =
c

ω

R
(m)
s

1 + iQ (ωr/ω − ω/ωr)

Wm =
R

(m)
s c ωr
Qω̄r

eαz/c sin
ω̄rz

c

where α = ωr/(2Q)

ω̄r =
√
|ω2
r − α2|

Res. freq.
ωmnp/(2π) and
shunt impedance
(Rs)mnp of a pill-box
cavity for nth radial
and pth longitudi-
nal modes. Radial
depth d and length
g. xmn is nth zero of
Bessel function Jm
[8].

ω2
mnp

c2
=
x2
mn

d2
+
p2π2

g2

[
Rs
Q

]

0np

=
Z0

x2
0nJ

′2
0 (x0n)

8c

πgω0np





sin2 gω0np

2βc
× 1

1 + δ0p
p even

cos2 gω0np

2βc
p odd

[
Rs
Q

]

1np

=
Z0

J ′1
2(x1n)

2c2

πgd2ω2
1np





sin2 gω1np

2βc
p 6= 1 and even

cos2 gω1np

2βc
p odd

3
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Description Impedances Wakes

Z
‖
0

n
= −i Z0g

2πR
lnS

Z⊥1 = −iZ0g

πb2

S2 − 1

S2 + 1

W ′0 = −Z0cg

2π
lnS δ′(z)

W1 = −Z0cg

πb2

S2 − 1

S2 + 1
δ(z)

Low-freq. response
of a pill-box cavity:
[4] length g, radial
depth d. When
g � 2(d− b), replace
g by (d − b). Here,
S = d/b.

Effect will be one half for a step in the beam pipe from radius b
to radius d, or vice versa, when g � 2(d− b).

Iris of half ellipti-
cal cross section at
low freq.: width
2a, maximum pro-
truding length h [5].

Z
‖
0 = −iωZ0h

2

4cb

Z⊥1 = −iZ0h
2

2b3

W ′0 = −Z0ch
2

4b
δ′(z)

W1 = −Z0ch
2

2b3
δ(z)

Pipe transition at
low freq.: tapering
angle θ, transition
height h. γ is Euler’s
constant and ψ is
the psi-function [6].

Z
‖
0=
ωb2Z⊥1

2c
=−iωZ0h

2

2π2cb

{
ln

[
bθ

h
−2θ cot θ

]
+

3

2
−γ−ψ

(
θ

π

)
− π

2
cot θ− π

2θ

}

W ′0 = −
∣∣∣∣∣
Z
‖
0

ω

∣∣∣∣∣ c
2δ′(z) , W1 = −

∣∣∣Z⊥1
∣∣∣ cδ(z) , h cot θ � b

Pipe transition at
low frequencies with
transition height
h� b [6].

Z
‖
0 =

ωb2

2c
Z⊥1 = −iωZ0h

2

2π2cb

(
ln

2πb

h
+

1

2

)

W ′0 = −
∣∣∣∣∣
Z
‖
0

ω

∣∣∣∣∣ c
2δ′(z) , W1 = −

∣∣∣Z⊥1
∣∣∣ cδ(z)

Z
‖
0 =

ω2µ2
0L

2x2
0

4a2Zk

Z⊥1 =
cωµ2

0L
2

4a2Zk

W ′0 = −c
3µ2

0L
2x2

0

4a2Zk
δ′′0(z)

W1 = −c
3µ2

0L
2

4a2Zk
δ′(z)

Kicker with window-
frame magnet [9]:
width a, height b,
lengthL, beam offset
x0 horizontally, and
all image current
carried by conduct-
ing current plates.

Zk = −iωL+Zg with L ≈ µ0bL/a the inductance of the windings
and Zg the impedance of the generator and the cable. If the kicker

is of C-type magnet, x0 in Z
‖
0 should be replaced by (x0 + b).

Traveling-wave kicker
with characteristic
impedance Zc for
the cable, and a
window magnet of
width a, height b,
and length L [9].

Z
‖
0 =

Zc
4

[
2 sin2 θ

2
−i(θ − sin θ)

]
, Z⊥1 =

ZcL

4ab

[
1−cosθ

θ
−i
(
1− sinθ

θ

)]

W ′0 =
Zcc

4

[
δ(z)−δ

(
z−Lc

v

)
−Lc
v
δ′(z)

]

W1 =
Zcv

4ab

[
H(z)−H

(
z−Lc

v

)
−Lc
v
δ(z)

]

θ = ωL/v denotes the electrical length of the kicker windings and
v = Zcac/(Z0b) is the matched transmission-line phase velocity of
the capacitance-loaded windings.

Electric and magnetic dipole
moments when wavelength� a:

~d=−2ε0
3
a3 ~E , ~m=− 4

3µ0
a3 ~BBethe’s electric and

magnetic moments of
a hole of radius a in
beam pipe wall [10].

~E and ~B are electric and magnetic flux density at hole when hole
is absent. This is a diffraction solution for a thin-wall pipe.

4
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Description Impedances Wakes

Z
‖
0 = −iωZ0

c

αe + αm
4π2b2

Z⊥1 = −iZ0(αe + αm)

π2b4
cos ∆ϕ

W ′0 = −Z0c
αe + αm

4π2b2
δ′(z)

W1 = −Z0c
αe + αm
π2b4

cos ∆ϕ δ(z)

Small obstacle [5, 11]
on beam pipe, size
� pipe radius, freq.
below cutoff. αe
and αm are elec-
tric polarizability
and magnetic sus-
ceptibility of the
obstacle.

∆ϕ is the azimuthal angle between the obstacle and the direction
concerning Z⊥1 and W1.

Polarizabilities for various geometry: beam pipe radius is b and wall thickness is t.

Elliptical hole: ma-
jor and minor radii
are a and d. K(m)
and E(m) are com-
plete elliptical func-
tions of the first and
second kind, with
m = 1−m1 and m1 =
(d/a)2. For long el-
lipse ⊥ beam, major
axis a � b, beam
pipe radius, because
the curvature of the
beam pipe has been
neglected here [12].

αe+αm=





πa3m2
1[K(m)−E(m))]

3E(m)[E(m)−m1K(m)]

πa3[E(m)−m1K(m)]

3[K(m)−E(m)]

m→1
=⇒
long

ellipse





πd4[ln(4a/d)−1]

3a
‖ beam
d� b

πa3

3 [ln(4a/d)−1]
⊥ beam
a� b

αe+αm
circular
=⇒
m→0

2a3

3
circular hole a = d� b

Above are for t� a, ×0.56 (circular) or ×0.59 (long ellipse) when
t ≥ a.
For higher frequency correction, add to αe + αm the extra term,

+
2πa3

3

[
11ω2a2

30c2

]
circular,





−πad
2

3

[
ω2a2

5c2

]
‖ beam

long ellipse

+
2πa3

3

[
2ω2a2

5c2[ln(4a/d)− 1]

]
⊥ beam

long ellipse

Rectangular slot:
length L, width w.

αe + αm = w3(0.1814− 0.0344w/L) t� a, ×0.59 when t ≥ a

Rounded-end slot:
length L, width w.

αe + αm = w3(0.1334− 0.0500w/L) t� a, ×0.59 when t ≥ a

Annular-ring-shaped
cut: inner and outer
radii a and d = a+w
with w� d.

αe + αm =
π2d2a

2 ln(32d/w)− 4
− π2w2(a+ d)

16
t � d

αe + αm = πd2w − 1
2w

2(a+ d) t ≥ d

Half ellipsoidal pro-
trusion with semi
axes h radially, a
longitudinally, and d
azimuthally. 2F1

is the hypergeomet-
ric function.

αe + αm = 2πahd

[
1

Ib
+

1

Ic − 3

]

Ib =2F1

(
1, 1; 5

2 ; 1− h2

a2

)
, Ic =2F1

(
1, 1

2 ; 5
2 ; 1− a2

h2

)
, if a = d

αe + αm = πa3 if a = d = h ,
2πh3

3[ln(2h/a)− 1]
if a = d� h

αe + αm =
8h3

3

[
1 +

(
4

π
− π

4

)
a

h

]
if a� h = d

αe + αm =
8πh4

3a

[
ln

2a

h
− 1

]
if a� h = d

5



�7V�
2��+.RD)Q8E/EPQAHWYZH),6!C?>7PQ:!6!- �Lu��S�
Array of pill-boxes,
box spacing L, each
with gap width g,
beam pipe radius b.
Gluckstern-Yokoya-
Bane formula [15] at
high freq. to order
(kg)−1:

For each cavity of length L with k = ω/c,

Z
‖
0 =

iZ0L

πkb2

{
1 + [1 + i sgn(k)]

αL

b

√
π

|k|g

}−1

with k = ω/c. α = 1 when g/L � 1 and α = α1 = 0.4648 when
g/L = 1, the limiting case of infinitely thin irises. In general, with
Υ = g/L, α(Υ) = 1− α1Υ1/2 − (1− 2α1)Υ +O(Υ3/2) .

Z
‖
0 =

Z0cL

2πb2

∑

ω′=±ωr

[
πδ(ω−ω′)+

i

ω−ω′
]

Z⊥1 =
2cL

b2ω
Z
‖
0

W ′0(z) =
Z0cL

πb2
cos

ωrz

c

W1(z) =
2Z0L

πb4ωr
sin

ωrz

c

The above pill-box
array with radial
depth d generates a
single-frequency res-
onance impedance at

ωr = c

(
2L

bgd

)1/2

[16,

17].

The corresponding resonator per pill box has
R

(0)
s ωr
Q

=
Z0cL

πb2
.

Smooth toroidal b
and R = 1

2(a + b).
As the Lorentz
factor γ → ∞,
(ultra-relativistic
beam), a curvature
contribution remains
for the longitudinal
impedance [18].

Valid from zero frequency up to just below synchronous resonant
modes, i.e., 0 < ν <

√
R/h with ν = ωh/c,

Z
‖
0

n
= iZ0

(
h

πR

)2
{[

1− e−2π(b−R)/h− e−2π(R−a)/h

] [
1− 3

(
ν

π

)2
]

+0.05179− 0.01355

(
ν

π

)2
}

+ ρ

≈ iZ0

(
h

πR

)2
[
A− 3B

(
ν

π

)2
]
.

where ρ is quadratic in ν. As (b−a)/h increases, ρ vanishes ex-

ponentially and A ≈ B ≈ 1. In general, A/B ≈ 1 implying ImZ
‖
0

changes sign (a node) near ν = π/
√

3.

Z
‖
0

n
=

iZ0L

4πRβγ2

[
1 + 2 ln

rw
a

+ C‖

]
, Z⊥1 =

iZ0L

2πβ2γ2

[
1

a2
− 1− C⊥

r2
w

]
Rf cage: beam of ra-
dius a surrounded by
a cylindrical cage or
array of N wires of
radius ρw, length L
at radial distance rw
from beam center.
Wire filling factor is
fw = Nρw/(πrw).
Formulas are valid at
low frequencies, 0 <
n<R/rw and N�1.

Without metallic beam pipe outside wire array or cage [19],

C‖ = − 2 ln(nrw/R) ln(πfw)

N ln(nrw/R) + ln(πfw)
, C⊥ = − 2 ln(πfw)

N − 2 ln(πfw)

With infinitely conducting metallic beam pipe, radius b > rw [20],

C‖ = 2 ln
b

rw
− 2N [ln(b/rw)]2

N ln(b/rw)− ln(πfw) + ln[1−(rw/b)2N ]

C⊥=
[1−(rw/b)

2][(rw/b)
2+(b/rw)2]{ln[1−(rw/b)

2N ]− 2 ln(πfw)}
N [1−(rw/b)2] + [(rw/b)2+(b/rw)2] ln[1−(rw/b)2N ]− 2 ln(πfw)

A ceramic layer between the wires and metallic beam pipe has
negligible effect on the impedances.

6
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Wall roughness [13]
1-D axisymmetric
bump, h(z) or 2-D
bump h(z, θ). Valid
for low frequency
k = ω/c � (bump
length or width)−1,
h � b, pipe radius,
and |∇h| � 1.

1-D: Z
‖
0 = −2ikZ0

b

∫ ∞

0
κ|h̃(κ)|2dκ

with spectrum h̃(k) =
1

2π

∫ ∞

−∞
h(z)e−ikzdz

2-D: Z
‖
0 = −4ikZ0

b

∞∑

m=−∞

∫ ∞

−∞

κ2

√
κ2 +m2/b2

|h̃m(κ)|2dκ

with spectrum h̃m(k) =
1

(2π)2

∫ 2π

0
dθ

∫ ∞

−∞
dz h(z, θ)e−ikz−imθ

Heifets and Kheifets formulas for tapered steps and tapered cavity at high frequencies [14].

Taper in from radius
h to b (<h), out from
radius b to h; taper-
ing angle α. Taper-
ing inefficient for a
bunch of rms length
σ, if 2(h−b) tanα�
σ. All formulas here
and below are valid
for positive k = ω/c
only.

ReZ
‖
0 =±Z0

2π
ln
h

b
+
(
Z
‖
0

)
step

, ReZ⊥1 =±Z0b

4π

(
1

b2
− 1

h2

)
+
(
Z⊥1
)
step

{
+ in

− out
(
Z
‖
0

)
step

=
Z0

2π
ln
h

b
, tanα>

h−b
kb2

,
(
Z
‖
0

)
step

=
Z0

4
kb tanα, tanα� 1

kb(
Z⊥1
)
step

=
Z0

4πb

[
1− 1

(1+kb)2 2F1

(
1, 3

2 , 3,
4bh

(b+h)2

)]
, tanα>

h−b
kb2

, kb�1

(
Z⊥1
)
step

=
Z0b

4π

(
1

b2
− 1

h2

)
, tanα>

h−b
kb2

, kb�1, h�b

(
Z⊥1
)
step

=
Z0

16b
(kb)3 tanα, tanα� 1

kb

Pill-box cavity: total
length g, radial depth
h without taper. Z

‖
0 =





(1 + i)Z0

2πb

√
g

kπ
g � kb2

− iZ0

π
ln
h

b
g � kb2

Tapering angle α on
both sides, g � h. ReZ

‖
0 = 2

(
Z
‖
0

)
step

, ReZ⊥0 = 2
(
Z⊥0
)
step

as given above

2
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